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Abstract 

In this paper, we prove that full irreducible curvature-adapted isoparametric sub- 
manifolds of codimension greater than one in a symmetric space of non-compact type 
are principal orbits of Hermann actions on the symmetric space under certain condi- 
tion. In the proof, it is key to show the homogeneity of the submanifold. The proof 
of the homogeneity is performed by showing the homogeneity of the submanifold in 
an infinite dimensional anti-Kaehler space arising from the complexification of the 
original submanifold. Furthermore, by using this fact, we classify such submanifolds 
in all irreducible symmetric spaces of non-compact type. 
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1 Introduction 

In this introduction, we shall mainly explain the validity of imposing the condition (*c) i n 
the main theorem (see Theorem A) of this paper. Let M be a submanifold in a complete 
Riemannian manifold N, ip : T M — > M the normal bundle of M and exp -1 - the normal 
exponential map of M. Denote by V the vertical distribution on T M and fi the horizontal 
distribution on T ± M with respect to the normal connection of M. Let v be a unit normal 
vector of M at x(G M) and r a real number. Denote by j v the normal geodesic of M of 
direction v (i.e., J v (s) = exp- L (sf)). If ^(Ker exp^ ri) ) ^ {0}, then exp _L (ru) (resp. r) is 
called a focal point (resp. a focal radius) of M along 7„. For a focal radius r of M along 7^, 



1 



V>*(Ker exp;^) is called the nullity space for r and its dimension is called the multiplicity 
of r. Denote by FTZ^ V the set of all focal radii of M along j v . Set 

?M,x := UdST^M s.t. |H|=l{™ I r G 3~T^M,v\i 

which is called a tangential focal set of M at x. If, for any y 6 M, := exp- L (T^ L M) 
is totally geodesic in G/K and the induced metric on T* y is flat, then M is called a 
submanifold with flat section. Assume that N is a symmetric space G/K and that M is a 
submanifold with flat section. Then we can show Ker exp^ rv C % rv and 

(1.1) exp^(A^) = P Jrv ^ (^os(r^W)) - ° ^ (X)j (X G T X M), 

where X^ v is the horizontal lift of X to rv, P Jrv is the parallel translation along the normal 
geodesic j rv , R(v) is the normal Jacobi operator R(»,v)v (R : the curvature tensor of 
G/K) and A is the shape tensor of M. Hence FTZ^ v coincide with the set of all zero 
points of the real-valued function 

F v (s) := det f cos(s v / «R) - sm(s vjffl) Av ] (s € R). 

In particular, in the case where G/K is a Euclidean space, we have = det (id — sA v ) 

(id :the identity transformation of T X M). Hence FTZ^ V is equal to the set of all the 
inverse numbers of the eigenvalues of A v and the nullity space for r G FTZ^j v is equal to 
Ker(A v — -id). Therefore the nullity spaces for focal radii of M along 7^ span T x MQKer A v . 
Also, in the case where G/K is a sphere of constant curvature c(> 0), we have 



. . / „ , sinfs-v/c) , 
F„(s) = det cos(s^/c)id K -^-A v 



Hence we have 



FIZ^j v = I ^arctan + j7r^ A : the eigenvalue of A v , j €. z| 

and the nullity space for — != f arctan ^ + j7r^ is equal to Ker(yl„ — A id), where we note 

Vc V A / 

that arctan ^ means ^ when A = 0. Therefore the nullity spaces for focal radii of M along 
j v span T X M. Also, in the case where G/K is a hyperbolic space of constant curvature 
c(< 0), we have 

. . , / , . , — , , sinh(sV^c) , \ 
F v (s) = det ^cosh(s\/^)id ^= — J -A V J . 
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Hence we have 



(1.2) 



arctanh 



A : the eigenvalue of A v s.t. |A| > 



and the nullity space for 
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=arctanh- 



is equal to Ker(A v — Aid). Therefore the 



-c A 

nullity spaces for focal radii of M along -y v span T X M if and only if all the absolute values 
of eigenvalues of A v is greater than y^c. As a non-compact submanifold M with flat 
section in a symmetric space G/K of non-compact type deforms as its principal curvatures 
approach to zero, its focal set vanishes beyond the ideal boundary (G/K)(oo) of G/K. 
This fact will be guessed from (1.2). From this fact, we [Koi2] considered that a focal 
radius of M along the normal geodesic 7„ should be defined in the complex number field 
C. We [Koi2] introduced the notion of a complex focal radius as the zero points of the 
complex- valued function F% over C defined by 



F£(z) := det cos(zy/R(v) 



sin 



oA c v ) (s G C), 



where A% and a/ R(v) C are the complexifications of A v and yjR(v), respectively. 
Terminology. In this paper, we shall call a complex focal radius focal radius simply. 



For a focal radius z of M along <y v , Ker cos^y 7 R(v) ) — 



sin 2 



(C {T x Mf) 



is called the nullity space for z and its complex dimension is called the multiplicity of z. 
Denote by FIZ^j v the set of all focal radii of M along -f v . In the case where G/K is 
a Euclidean space, we have F£(z) = det(id — zA^) (id : the identity transformation of 
(T X M) C ). Hence we have FTZ^ V = FTZ^ V and the nullity space for z € FlZ^ Iv ie 
equal to Ker(yl£ — -jid). Therefore the nullity spaces for focal radii of M along j v span 
(T X M) C Q Ker A%. Also, in the case where G/K is a sphere of constant curvature c(> 0), 
we have 



FZ(z) = det ( cos(^)id - Sm(z /^ A C 



Hence F1ZY, 



M,v 



and the nullity space for —= ( arctan + jir 



is equal to 



Ker(A% — Aid). Therefore the nullity spaces for focal radii of M along j v span (T X M) C . 
Also, in the case where G/K is a hyperbolic space of constant curvature c(< 0), we have 



F^(z) = det ( cos(izv/^c)id - 



sin(iz 
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Hence FlZ^, I v is equal to 

= | --L= ^arctanh^-^ + jir'i\ A : the eigenvalue of A v s.t. |A| > y/—c, j G z| U 
< p ( arctanh— jL= + (j + -)vri ) A : the eigenvalue of A v s.t. |A| < y/—c, j G Z 1 , 

I v-c V v-c 2 y j 

the nullity space for — farctanh — + jni] (|A| > \/— c) is equal to Ker(A£— Aid) and 
v-c V A / 

the nullity space for ( arctanh + (j H — Wi ] (|A| > a/— c) is equal to Ker(^4£ — 

V-c v v-c 2 y 

Aid). Therefore the nullity spaces for focal radii of M along 7^ span (T X M) C if and only 
if all the eigenvalues of A v are not equal to ±\/— c. 

Let M be a C w -submanifold with flat section in a symmetric space G/K. Then we 
can define the complexification M c of M as an anti-Kaehler submanifold in the anti- 
Kaehler symmetric space G c /K c associated with G/K (see [Koi3]). Denote by J and R 
the complex structure and the curvature tensor of G c /K c , respectively, and A and exp 1 ' 
the shape tensor and the normal exponential map of M c , repsectively. Denote by T~L the 
horizontal distribution on the normal bundle T- L (M C ) of M c with respect to the normal 
connection of M c . Take v G T^M(c T^(M C )) and z = s + ti G C (s, f G R). Then we 
can show Ker exp^+t Jv C Hsv+tJv and 

where X^ +tJv is the horizontal lift of X to + i Jt>, P~ /sv+tJv is the parallel translation 
along the normal geodesic ^sv+tjv of M c and 



sin! ^/22(i;)+t[ Jo^R(v) )} 

Q v ,z ■■= COS ^ + ^Jo^ J J ^ pL LL o X 



(-R('u) := R{», v)v). Hence exp" L (sf +t Jv) is a focal point of M c along the geodesic ^ S v+tJv 
if and only if z = s + ti is a zero point of the complex- valued function i 7 ,, over C defined by 
F v (z) := det Q VtZ , where Q V)Z is regarded as a C-linear transformation of T X {M C ) regarded 
as a complex linear space by J. On the other hand, it is clear that the set of all zero 
points of F v is equal to that of F£. Therefore z = s + ti is a focal radius of M along j v 
if and only if exp" L (sf + tJv) is a focal point of M c along 7 s „ +i j 1 , (see Figures 1 and 2). 
Thus we can catch the geometrical meaning of the focal radius (defined in C). 
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Jsv+tJv 

\ 



1 Sep (sv + tJv) 




M lv 

Figure 1. 



exp (sv + tJv) 



Isv+Uv 




Figure. 2. 



In 1995, C.L. Terng and G. Thorbergsson [TT] introduced the notion of an equifocal 
submanifold in a symmetric space G/K. This notion is defined as a compact submanifold 
(which we denote by M) in G/K with flat section, trivial normal holonomy group and 
parallel focal structure. Here the parallelity of the focal structure means that the tangential 
focal set T^x 8 (x £ M) move to one another under the parallel translations with respect 
to the normal connection of M. For a compact submanifold M with flat section and trivial 
normal holonomy group, it is equifocal if and only if J^TZ^ % is independent of the choice 
of x 6 M for any parallel normal vector field v of M. Compact isoparametric submanifolds 
in a Euclidean space and compact isoparametric hypersurfaces in a sphere or a hyperbolic 
space are equifocal. On the other hand, Heintze-Liu-Olmos [HLO] defined the notion of 
isoparametric submanifold with flat section in a general complete Riemannian manifold as 
a (properly embedded) complete submanifold with flat section and trivial normal holonomy 
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group whose sufficiently close parallel submanifolds are of constant mean curvature with 
respect to the radial direction. 

Terminology. In this paper, we shall call an isoparametric submanifold with flat section 
an isoparametric submanifold simply. 

For a compact submanifold in a symmetric space of compact type, they [HLO] proved that 
the equifocality and the isoparametricness are equivalent. We [Koi2] introduced the notion 
of a complex equifocal submanifold as a (properly embedded) complete submanifold with 
flat section, trivial normal holonomy group and parallel complex focal structure, where 
the parallelity of complex focal structure means that FlZ ( ^ I ~ x is independent of the choice 
of x G M for any parallel normal vector field v of M. Here we note that, in the case where 
M is real analytic, the parallelity of the complex structure of M means the parallelity of 
the focal structure of M c (see [Koi3]). 

Terminology. In this paper, we shall call a complex equifocal submanifold an equifocal 
submanifold simply. 

Let M be a submanifold in a symmetirc space G/K. If, for any unit normal vector v of 
M, the normal Jacobi operator R(v) preserves T X M (x :the base point v) invariantly and 
R(v) commutes with the shape operator A v , then M is said to be curvature- adapted. We 
[Koi3] proved that, for a (properly embedded) complete curvature-adapted submanifold in 
a symmetric space of non-compact type, the (complex) equifocality and the isoparamet- 
ricness are equivalent (see Theorem 15 of [Koi3]). Assume that M is a curvature- adapted 
submanifold with flat section. If G/K is of compact type or Euclidean type, then it follows 
from (1.1) that the following fact (*r) holds: 

(*r) For any unit normal vector v of M, the nullity spaces for real focal radii 
along the normal geodesic j v span T X M © (Ker A v n KerR(v)). 

See also the facts stated in the first paragraph in the case where G/K is a Euclidean space 
or a sphere. However, if G/K is of non-compact type, then it follows from (1.1) that this 
fact (*r) does not necessarily hold. For example, in the case where G/K is a hyperbolic 
space of constant curvature c(< 0) and where M is a hypersurface, (*r) holds if and only 
if all the absolute values of the principal curvatures of M at each point are greater than 
v 7 — c (see the fact stated in the first paragraph in the case where G/K is a hyperbolic 
space). So, in this paper, we considered the following condition: 

(*c) For any unit normal vector v of M, the nullity spaces for focal radii (defined 
in C) along the normal geodesic j v span (T X M)° Q (Ker A v n Ker R(v)) c . 

This condition (*c) is the conditon weaker than (*r). In the case where G/K is of non- 
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comact type, (*c) also does not necessarily hold. For example, in the case where G/K is a 
hyperbolic space of constant curvature c(< 0) and where M is a hypersurface, M satisfies 
(*c) if and only if all the principal curvatures of M at each point of M are not equal to 
±a/^c (see the fact stated in the first paragraph in the case where G/K is a hyperbolic 
space) . 

Let G/K be a symmetric space of non-compact type and H a closed subgroup of G. 
If there exists an involution a of G with (Fixcr)o C H C Fixer, then we ([Koi4]) called the 
inaction on G/K a Hermann type action, where Fixer is the fixed point group of a and 
(Fixcr)o is the identity component of Fixer. In this paper, we call this action a Hermann 
action simply. According to the result in [Koi4], it follows that principal orbits of a 
Hermann action are curvature-adapted equifocal (hence isoparametric) C w -submanifolds 
and that they satisfy the condition (*c)- 

In this paper, we prove that the following fact holds conversely. 

Theorem A. Let M be a full irreducible curvature-adapted isoparametric C w -submanifold 
of codimension greater than one in a symmetric space G/K of non-compact type. If M 
satisfies the above condition (*c), then M is a principal orbit of a Hermann action on 
G/K. 

Remark 1.1. (i) In this theorem, both the condition of the curvature-adaptedness and the 
condition (*c) are indispensable. In fact, we have the following examples. Let G/K be 
an irreducible symmetric space of non-compact type and rank greater than one such that 
the (restricted) root system of G/K is non-reduced. Let q = t + p (q = LieG, 6 = LieK) 
be the Cartan decomposition associated with a symmetric pair (G, K) and o a maximal 
abelian subspace of p. Also, let A + be the positive root system of G/K with respect to a 
and II = {Ai, • • • , A r } the simple root system of A + , where we fix a lexicographic ordering 
of the dual space a* of a. Set n := 2^AeA + 0a and N := exp n, where Q\ is the root space 
for A and exp is the exponential map of G. Any orbit of the iV-action on G/K is a full 
irreducible curvature-adapted isoparametric C w -submanifold of codimension greater than 
one but it does not satisfy the condition (*c) (see [Koi9]). On the other hand, it is a 
principal orbit of no Hermann action. Thus the condition (*c) is indispensable in this 
theorem. Let H\ be the element of o defined by (H\,») = A(»). Take elements Aj and Xj 
of n such that they are not connected in the Dynkin diagram and that 2Ai belongs to A+, 
and one-dimensional subspaces 1^ ofMH\ k +Q\ k {k = i,j). Set S := exp((o + n) (4 + lj)). 
Then S is a subgroup of AN := exp(a + n) and any orbit of the 5-action on G/K is a 
full irreducible isoparametric C^-submanifold of codimension two but it is not curvature- 
adapted (see [Koi9]). Furthermore, we can find an orbit satisfying the condition (*c) 
among orbits of the S-action. On the other hand, it is a principal orbit of no Hermann 
action. Thus the condition of the curvature-adaptedness is indispensable in this theorem, 
(ii) In the proof of this theorem, the condition of the real analyticity of M is indis- 
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pensable. In fact, in the proof, it is key to prove the homogeneity of M and the proof 
of the homogeneity is performed by showing the homogeneity of the lift <^> -1 (M c ) of the 
complete complexification M c of M to the path space H°(\0, 1], C ) (g c : the comp Unifica- 
tion of g := LieG) through a pseudo-Riemannian submersion <\> : H°([0, 1],0 C ) — > G c /K c . 
However, M c cannot be defined unless M is not real anlaytic. 

Also, we prove the following fact. 

Theorem B. Let M be a full irreducible curvature-adapted isoparametric ' -submanifold 
of codimension greater than one in an irreducible symmetric space G/K of non-compact 
type. If M satisfies the above condition (*r), then M is a principal orbit of the isotropy 
action of G/K. 

In the remained part of this introduction, we shall state the outline of the proof of the 
homogeneity of M which will be given in Sections 3 ~ 5. Let M be an isoparametric C w - 
submanifold in a symmetric space G/K of non-compact type as in Theorem A and M c the 
complexification of M, where we note that M c is not necessarily (geodesically) complete. 
Let 7r be the natural projection of G c onto G c /K c and 4> '■ H°([0, 1], 0°) — > G c the parallel 
transport map for G c . See the next section about the definition of the parallel transport 
map for G c . In Section 3, we shall first show that (it o 0) _1 (M c ) is a proper anti-Kaehler 
isoparametric submanifold in H°([0,1],q°). See the next section about the definition of 
a proper anti-Kaehler isoparametric submanifold. Hence the complete complexification 
of M is defined (see [Koi7] in detail). Denote by the same symbol M c this complete 
complexification under abuse of the notation, and M c the inverse image of this complete 
complexification by 7ro0. Next, in the section, we shall prove that M c is homogeneous by 
imitating the proof of the homogeneity of a full irreducible infinite dimensional isoparamet- 
ric submanifold of codimension greater than one in a Hilbert space by Heintze-Liu [HL2]. 
In more detail, we shall construct the group of holomrphic isometries of H°([0, 1],0 C ) wh- 
cih preserves M c invariantly and act on M c transitively. In Section 4, by imitating the 
discussion in [GH] , we shall prove that the holomorphic Killing fields associated with one- 
parameter subgroups of the group of holomorphic isometries of H°([0, 1], C ) constructed 
in Section 3 are defined on the whole of H°([0, 1], C ). In Section 5, by imitating the 
proof of the homogeneity of a full irreducible equifocal(=isoparametric) submanifold of 
codimension greater than one in a symmetric space of compact type by Christ [Ch], we 
shall construct the group of isometries of G/K which preserves M invariantly and acts on 
M transitively from the group of holomorphic isometries of H°([0, 1],0 C ) (whcih preserves 
M c invariantly and act on M c transitively) constructed in Section 3, where we use the 
fact in Section 4. 
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2 Basic notions and facts 



In this section, we first shall recall the notion of an infinite dimensional proper anti-Kaehler 
isoparametric submanifold introduced in [Koi3] . Let M be an anti-Kaehler Fredholm sub- 
manifold in an infinite dimensional anti-Kaehler space V. See [Koi3] about the definitions 
of an infinite dimensional anti-Kaehler space and anti-Kaehler Fredholm submanifold in 
the space. Denote by A the shape tensor of M and the same symbol J the complex 
structures of M and V. Fix a unit normal vector v of M. If there exists 0) G TM 
with A V X = aX + bJX, then we call the complex number a + by/— 1 a J- eigenvalue of 
A v (or a J -principal curvature of direction v) and call X a J -eigenvector for a + by/—l. 
Also, we call the space of all J-eigenvectors for a + 6\/— T a J-eigenspace for a + &V — 1- 
The J-eigenspaces are orthogonal to one another and they are J-invariant, respectively. 
We call the set of all J-eigenvalues of A v the J- spectrum of A v and denote it by Specj^Lj. 
Since M is an anti-Kaehler Fredholm submanifold, the set Specj^ \ {0} is described as 
follows: 



Also, the J-eigenspace for each J-eigenvalue of A v other than is of finite dimension. We 
call the J-eigenvalue Hi the i-th J -principal curvature of direction v. Assume that the 
normal holonomy group of M is trivial. Fix a parallel normal vector field v of M. Assume 
that the number (which may be oo) of distinct J-principal curvatures of direction v x is 
independent of the choice of x G M. Then we can define complex- valued functions j5j 
[i = 1, 2, ■ ■ ■ ) on M by assigning the i-th J-principal curvature of direction v x to each 
x £ M. We call this function ptj the i-th J-principal curvature function of direction v. 
The submanifold M is called an anti-Kaehler isoparametric submanifold if it satisfies the 
following condition: 

For each parallel normal vector field v of M, the number of distinct J-principal 
curvatures of direction v x is independent of the choice of x G M, each J-principal 
curvature function of direction v is constant on M and it has constant 
multiplicity. 

Let {ei}^ =1 be an orthonormal system of T X M. If {ej}^ :1 U { Je^}?^ is an orthonormal 
base of T X M, then we call {ei} c ?l l (rather than {ej}^ 1 U { Jejjg^) a J - orthonormal base. 
If there exists a J-orthonormal base consisting of J-eigenvectors of A v , then A v is said 
to be diagonalized with respect to the J-orthonormal base. If M is anti-Kaehler isopara- 
metric and, for each v G T^M, the shape operator A v is diagonalized with respect to a 
J-orthonormal base, then we call M a proper anti-Kaehler isoparametric submanifold. We 




SpecjAA {0} = 0* | i = 1, 2, ■ ■ ■ } 

Hi\ > \m+i\ or = \m + i\ & Re/ij > Re^+i" 
i\ = & Re fii = Re/ij + i & Im/Xj = — Im/Xj+i > 0' 
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named thus in similar to the terminology " proper isoparametric semi-Riemannian subman- 
ifold" used in [Koil]. Assume that M is a proper anti-Kaehler isoparametric submanifold. 
Then, since the ambient space is flat and the normal holonomy group of M is trivial, it 
follows from the Ricci equation that the shape operators A V1 and A V2 commute for arbi- 
trary two unit normal vector v\ and v 2 of M. Hence the shape operators A v 's (v G T X M) 
are simultaneously diagonalized with respect to a J-orthonormal base. Let {Ei \ i G 1} be 
the family of distributions on M such that, for each x G M, {{Ei) x \ i G / } is the set of 

all common J-eigenspaces of A v 's (v G T X M). For each x G M, we have T X M = © {Ei) x 

iei 

(the closure of ®(Ei) x ). We regard T X M (x G M) complex vector space by JxIt-'-m 

iei ' x 

and denote the dual space of the complex vector space T^M by (T^M)* C . Also, denote 
by (T- L M)* C the complex vector bundle over M having {T X M)* C as the fibre over x. Let 
Xi (i G I) be the section of (T ± M)* C such that A v = Re(Xi) x (v )id + Im(Aj) x (w) J x on (Ei) x 
for any x G M and any v G T X M. We call \ (i G /) J- principal curvatures of M and £7j 
{i G /) J -curvature distributions of M. The distribution is integrable and each leaf of 
Ei is a complex sphere. Each leaf of Ei is called a complex curvature sphere. It is shown 
that there uniquely exists a normal vector field n» of M with Aj(-) = (n«, •) — \^l(Jni, •) 
(see Lemma 5 of [Koi3]). We call rij (i G /) the J -curvature normals of M. Note that rii 
is parallel with respect to the complexification of the normal connection of M. Note that 
similarly are defined a (finite dimensional) proper anti-Kaehler isoparametric submanifold 
in a finite dimensional anti-Kaehler space, its J-principal curvatures, its J-curvature dis- 
tributions and its J-curvature normals. Set If := (Aj)~ 1 (l). According to (i) of Theorem 

2 in [Koi3], the tangential focal set of M at x is equal to U If. We call each If a complex 

iei 

focal hyperplane of M at x. Let v be a parallel normal vector field of M. If v x belongs to 
at least one k, then it is called a focal normal vector field of M. For a focal normal vetor 
field v, the focal map fa is defined by fo{x) := exp- 1 ^) {x G M). The image /^(M) is 
called a focal submanifold of M, where we denote by F%. For each x G F^, the inverse 
image f~ 1 (x) is called a focal leaf of M. Denote by Tf the complex reflection of order 2 
with respect to If (i.e., the rotation of angle tt having If as the axis), which is an affine 
transformation of T X M. Let W x be the group generated by Tfs (i G I). According to 
Proposition 3.7 of [Koi5], W x is discrete. Furthermore, it follows from this fact that W x 
is isomorphic an affine Weyl group. This group W x is independent of the choice of x G M 
(up to group isomorphicness) . Hence we simply denote it by W. We call this group W 
the complex Coxeter group associated with M. According to Lemma 3.8 of [Koi5], W is 
decomposable (i.e., it is decomposed into a non-trivial product of two discrete complex 
reflection groups) if and only if there exist two J-invariant linear subspaces Pi (7^ {0}) 
and P 2 (/ {0}) of T^M such that T^M = P 1 © P 2 (orthogonal direct sum), P 1 U P 2 
contains all J-curvature normals of M at x and that Pi (i = 1, 2) contains at least one J- 
curvature normal of M at x. Also, according to Theorem 1 of [Koi5], M is irreducible if 
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and only if W is not decomposable. 

Next we shall recall the notions of an anti-Kaehler symmetric space and the aks- 
representation introduced in [Koi3] and [Koi7]. Let J be a parallel complex structure on 
an even dimensional pseudo-Riemannian manifold (M, ( , )) of half index. If (JX, JY) = 
— (X, Y) holds for every X, Y G TM, then (M, ( , ), J) is called an anti-Kaehler manifold. 
Let G/K be a symmetric space of non-compact type, (fl, <r) its orthogonal symmetric 
Lie algebra and g = t + p the Cartan decomposition associated with a symmetric pair 
(G, K), where t is the Lie algebra of K. Note that p is identified with the tangent space 
T e ic(G/K), where e is the identity element of G. Let ( , ) be the AdG(G)-invariant non- 
degenerate inner product of g inducing the Riemannian metric of G/K, where Ada is 
the adjoint representation of G. Let G c (resp. K c ) be the complexification of G (resp. 
K). Without loss of generality, we may assume that K c is connected and that G c is 
simply connected. The 2-multiple of the real part Re( , ) c of ( , ) c is equal to the Killing 
form of 0° regarded as a real Lie algebra. The restriction 2Re( , ) c |pc X pc is an Ad(K c )- 
invariant non-degenerate inner product of p c (= T eKc (G c /K c )). Denote by ( , ) A the 
G c -invariant pseudo-Riemannian metric on G c /K c induced from 2Re( , ) c | p c xp c. Define 
an almost complex structure Jo of p c by JqX = \f^lX (X G p c ). It is clear that Jo 
is Ad(.RT c )-invariant. Denote by J the G c -invariant almost complex structure on G c /K c 
induced from Jo. It is shown that (G c /K c , ( , ) A , J) is an anti-Kaehler manifold and a 
(semi-simple) pseudo-Riemannian symmetric space. We call this anti-Kaehler manifold an 
anti-Kaehler symmetric space associated with G/K and simply denote it by G c /K c . The 
action Adc c (K c ) on g c preserves p c invariantly, where Ad^jc is the adjoint representation of 
G c . Define a representation p of K c on p c by p(k)(X) := Ad Gc {k){X] ) (k G K c , X G p c ). If 
G c /K c is irreducible, then we call this representation p the aks- representation (associated 
with G c /K c ). Let Xq be a semi-simple element of p c , where the semi-simpleness of Xq 
means that the complexification of ad c(Ao) is diagonalizable. If the orbit p(K c ) ■ Xq is 
principal, then it will be shown that the orbit is a (finite dimensional) proper anti-Kaehler 
isoparametric submanifold (see Lemma 3.7.3). As in the infinite dimensional case, we can 
define the complex Coxeter group associated with a finite dimensional proper anti-Kaehler 
isoparametric submanifold. This group is isomorphic to a Weyl group. For example, 
the complex Coxeter group associated with a principal orbit of the aks-representation 
associated with G c /K c is isomorphic to the Weyl group associated with the symmetric 
pair (G, K). 

Next we shall recall the notion of the parallel transport map for the complexification 
G c of a semi-simple Lie group G introduced in [Koi3]. Let K be a maximal compact 
subgroup of G, g (resp. 6) the Lie algebra of G (resp. K) and g = t + p a Cartan 
decomposition of g. Also, let ( , ) be the Adc(GO-invariant non-degenerate inner product 
of g. The Cartan decomposition g = t © p is an orthogonal time-space decomposition of 
g with respect to ( , ), that is, ( , )\i x t is negative definite, ( , )| px p is positive definite 
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and ( , )|txp vanishes. Set ( , ) A := 2Re( , ) c , where ( , ) c is the complexification of ( , ) 
(which is a C-bilinear form of g c ). The R-bilinear form ( , ) on g c regarded as a real 
Lie algebra induces a bi-invariant pseudo-Riemannian metric on G c and furthermore a 
G c -invariant anti-Kaehler metric on G c /K c . It is clear that g c = (t + y/—lp) © (v/— Tt + p) 
is an orthogonal time-space decomposition of g c with respect to ( , ) A . For simplicity, 
set gi := t + \J — lp and g^ := \/— It + p. Note that g° is the compact real form of 
g c . Set ( , )^c_ := — 7r* c ( , ) A + 7r*c ( , ) j4 , where 7r fl c (resp. 7r c ) is the projection of 

g c onto g°_ (resp. g+). Let -ff°([0, 1], g c ) be the space of all L 2 -integrable paths u : 
[0, 1] -> g c with respect to ( , and H°([0, l],gi) (resp. #°([0, l],g^)) the space of all 

L 2 -integrable paths u : [0,1] — > (resp. u : [0,1] — >■ g+) with respect to — ( , ) A | fl ix0= 
(resp. (, l^cxgc). Clearly we have H°([0, 1], g c ) = #°([0,1], gi)©tf°([0, 1], g* ). Define 

a non-degenerate inner product ( , } A of i?°([0, 1], g c ) by (u,v) A := Jq (u(t),v(t)) A dt. 
It is easy to show that the decomposition H°([0, 1], g c ) = #°([0, 1], gi) © #°([0, 1], g^.) 
is an orthogonal time-space decomposition with respect to ( , ) A . For simplicity, set 
H^ c := F°([0,l],g £ c ) (e = - or +) and ( , := -7r^, c < , }£ + ^o,c< , } A , where 

tt^o.c (resp. tt h o, c ) is the projection of i?°([0, 1], g c ) onto Hj c (resp. H+ c ). It is clear that 
( U > V K,H%° = Jo^(*)^(*))4^ («. « G ^°([0,l],g c )). Hence (ff°([0, 1], g c ), ( , )^„, c ) is 
a Hilbert space, that is, (H°([0, 1], g c ), ( , } A ) is a pseudo-Hilbert space in the sense of 
[Koi2]. Let J be the endomorphism of g c defined by JX = \f^\X (X G g c ). Denote 
by the same symbol J the bi-invariant almost complex structure of G c induced from J. 
Define the endomorphism J of H°([0, l],g c ) by Ju = \J—\u (u G H°([0, 1], g c )). From 
J#°' c = H°J C , JF 0,C = H^ c and {Ju,Jv) A = -(u,v) A (u,v G fl°([0, 1], g c )), the space 
(H°([0, l],g c ),( , )q , J) is an anti-Kaehler space. Let ff 1 ([0, 1], g c ) be a pseudo-Hilbert 
subspace of H°([0, 1], g c ) consisting of all absolutely continuous paths u : [0,1] — >■ g c 
such that the weak derivative v! of it is squared integrable (with respect to ( , ) A C ). 

Also, let i/ 1 ([0, 1], G c ) be the Hilbert Lie group of all absolutely continuous paths g : 
[0, 1] —7- G c such that the weak derivative g' of g is squared integrable (with respect 
to ( , )£), that is, G ff°([0, 1], g c ). Define a map cp : fl°([0, l],g c ) -»• G c by 

0( n ) : = 5ti (i) ( u G fl°([0, 1], g c )), where g u is the element of i^QO, 1], G c ) with g u (0) = e 
and gu*9u = n - This map is called the parallel transport map for G c . This map is an anti- 
Kaehler submersion. Set P(G c ,e x G c ) := {g G iJ 1 ([0, 1],C C ) | £r(0) = e} and O e (G c ) := 
{g G i^^tO, 1],C C ) | 5^(0) = g(l) = e}. The group ^([0, 1], G c ) acts on tf°([0,l],g c ) by 
gauge transformations, that is, 

g*u:=AA G °{ a )u-t/gZ 1 (g € ^([0, 1], G c ), u G fl°([0, 1], g c )). 
It is shown that the following facts hold: 

(i) The above action of ^([0, 1], G c ) on H°([0, l],g c ) is isometric, 
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(ii) The above action of P(G c ,e x G c ) in H°([0, 1],0 C ) is transitive and free, 

(iii) <f>(g * u) = (L g{0) o R-^)(4>(u)) for g G i^QO, 1], G c ) and u G 

fl°([o, 1],0 C ), 

(iv) : tf°([0, l],g c ) -> G c is regarded as a ft e (G c )-bundle. 

(v) If 4>(u) = (L Xo o R~i)((f)(v)) (u,v G tf°([O,l], c ), x ,xi G G c ), then there 
exists g G // 1 ([0, 1], G c ) such that g(0) = xo, g(l) = x\ and u = g *v. In 
particular, it follows that any u G H°([0, 1],0 C ) is described as u = g * 
in terms of some g G P(G C , G c x e). 



3 Homogeneity of the lift of the complexification 

Let M be a full irreducible curvature-adapted isoparametric C w -submanifold of codimen- 
sion greater than one in a symmetric space G/K of non-compact type. Assume that M 
satisfies the condition (*c) stated in Introduction. Let M c (^ G c /K c ) be the complexi- 
fication of M, where we note that M c is not necessarily complete. See Section 4 of [Koi3] 
about the definition of the complexification M c (^ G c /K c ). Also, see [Koil2] about the 
definition of the complexification of a general pseudo-Riemannian C w -submanifold. Let 
7r be the natural projection of G c onto G c /K c and <\> : H°([0, 1], g c ) — > G c the parallel 
transport map for G c . Set M c := (ir o </>) _1 (M c ). Without loss of generality, we may 
assume that K c is connected and that G c is simply connected. Hence M c is connected. 
Denote by A the shape tensor of M and R the curvature tensor of G/K. First we shall 
show the following fact. 

Lemma 3.1. The submanifold M c is a (not necessarily complete) full irreducible proper 
anti-Kaehler isoparametric submanifold. 

Proof. Fix x G M and a unit normal vector v of M at x. Denote by Spec A and SpecR(-u) 
the spectrum of A v and R(v), repsectively. For simplicity, set := Ker(A„ — A id) n 
Ker(R(v) - fjtid), S := {(A,//) G Spec A, x SpecR(v) \ D Xfl + {0}}, S + := {(A, n) G S 
| |A| > y/—jl} and 5_ := {(A,//) G S | |A| < y/—fi}. Since M is curvature-adapted, we have 
T X M = e(A, M )6S-tV For simplicity, set 



Clearly we have 



^/ n / r^r, \ \ sin(z-v/ R(v) c ) 
Q(z) := co S (z^/RW) ° A v 



Q(,)|^=(cos(i^)-^^^)id. 



Hence, if (A, n) G S + and (i ^ 0, then ^= ^arctanh-^-^ + A;7ri^ (/c G Z) are focal radii 
along 7„ including as the nullity space. Also, if (A, u) G 5_ and // / 0, then 
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y= ^arctanh^= + (k + ^^i) (k G Z) are focal radii along 7^ including as the 

nullity space. Also, if A G Spec A, \ {0} satisfying (A, 0) G S, then ^ is a focal radii along 
7„ including D^o as the nullity space. Also, if |A| = \J—fi, then there exists no focal radius 
along 7„ such that the intersection of its nullity space and is not equal to the zero 
space. Hence, since M satisfies the condition (*c)> there exists no (A,/x) G S satisfying 
l-^l = V~ M / 0- Thus we have 



(3.1) T X M = 1)00 D x „ 

\(A,/i)eS + US_ 

Denote by A the shape tensor of M c . Fix u G (7r o </>) _1 (x). Let be the horizontal lift 
of v to u. Then we have 

Specif = {A I A G SpecA,s.t. (A,0) G 5+} U { ^£ | (A,//) G 5+ s.t. // 7^ 0} 

arctanh ^ M + 7rfci 

u{ : - ^TT-T^ ■ I (A,/*) e S_} 
arctanh-^= + (k + ^)7ri 

(see Proposition 4 of [Koi3] in detail). For simplicity, set 

A+ k := ^ ((A, fi) G 5+ s.t. n ± 0, fc G Z) 

arctanh + 7rfci 

and 

A7 ,:= = ((A,u) G 5_, fe G Z). 

arctanh^ + (A; + i)vri U ' 

Also, we set D x := Ker [A^ - Aid) (A G Spec A, s.t. (A,0) G <S+), 5 A + := 

Ker (a v l - A+ Mjfe id) ((A, M ) G 5+ s.t. /i / 0, A; G Z) and D A -^ := Ker (i^ - A"^ id) 

((A, /i) G S— , A; G Z). Then, by using (3.1), we can show that T U M C is equal to 



© D\]®[ © © £> A + © © © D K - 

AeSpecA^s.t. (A,0)e5+ / \(A,/i)eS + s.t. ve£Q k& x <v< k J \(\^)eS-k& x ^< k 

(see [Koi2,3] in detail). That is, A v l is diagonalized with respect to a J-orthonormal 

base of T U M C . Therefore M c is a proper anti-Kaehler isoparametric submanifold by the 
arbitrarinesses of x, v and u. Hence M is a proper complex equifocal submanifold in the 
sense of [Koi4]. Since M is irreducible, it follows from Theorem 2 of [Koi5] that the complex 
Coxeter group associated with M is not decomposable, where we note that the complex 
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Coxeter groups associated with M is equal to one associated with M c (see Introduction 
of [Koi5]). Hence, it follows from Theorem 1 of [Koi5] that M c is irreducible. Also, since 
M is full, it is shown that the J-curvature normals of M c span the normal space of M c at 
each point of M c (see the discussion in the proof of Theorem 2 of [Koi5]). Furthermore, 
it follows from this fact that M c is full (see the discussion in the proof of Theorem 1 of 
[Koi5]). q.e.d. 

Since M is a proper complex equifocal submanifold in the sense of [Koi4] by this lemma, 
we can define the complete complexification of M c (see [Koi7] in detail). In the sequel, 
we denote this complete complexification by M c . Also we denote the inverse image of 
this complete complexification by tt o (f> by M c . E. Heintze-X.Liu [HL2] proved that a full 
irreducible isoparametric submanifold of codimension greater than one in a Hilbert space 
is homogeneous. In this section, we shall prove the following homogeneity theorem by 
imitating their proof. 

Theorem 3.2. The submanifold M c is homogeneous. 

Now we shall prepare some lemmas (or theorems) to prove this theorem. First we shall 

recall the generalized Chow's theorem, which was proved in [HL2]. Let A be a (connected) 

Hilbert manifold and D a set of local (smooth) vector fields which are defined over open 

sets of N . If two points x and y of A can be connected by a piecwise smooth curve each 

of whose smooth segments is an integral curve of a local smooth vector field belonging 

to V, then we say that x and y are V-equivalent and we denote this fact by x~y. Let 

v 

Qt>{x) := {y G A \ y ~ x]. The set &v(x) is called the set of reachable points ofV starting 

from x. Let V* be the minimal set consisting of local smooth vector fields on open sets of 
iV which satisfies the following condition: 

T> <ZT>* and T>* contains the zero vector field and, for any I,F£ T>* and any a, b G R, 
aX + bY and [X, Y] (which are defined on the intersection of the domains of X 
and Y) also belong to T>*. 

For each x G N, set V*(x) := {X x | X G V* s.t. x G Dom(X)}. Then the following 
generalized Chow's theorem holds. 

Theorem 3.3([HL2]) IfV*(x) = T X N for each x G N, Q v (x) = N holds for each x G N, 
where (•) implies the closure of (•). 

For simplicity, we set V := H°([0, 1], C ). Denote by A the shape tensor of M c . Let 
{Ei | i G /} U {Eq} be the set of all J-curvature distributions of M c , where Eq is defined 
by (Eq) u := n_ Ker^ (u G M c ). Also, let \ and rij be the J-principal curvature and 

the J-curvature normal corresponding to Ei, respectively. Fix uq G M c . Denote by k the 
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complex focal hyperplane (Aj^^l) of M c at uq. Let Q{u$) be the set of all points of M c 
connected with uq by a piecewise smooth curve in M c each of whose smooth segments is 
contained in some complex curvature sphere (which may depend on the smooth segment). 
By using the above generalized Chow's theorem, we shall show the following result. 

Proposition 3.4. The set Q(uq) is dense in M c . 

Proof. Let T>e be the set of all local (smooth) tangent vector fields on open sets of M c 
which is tangent to some Pj (i / 0) at each point of the domain. Define Q.t> e {uq), V* e 
and V* e (uq) as above. By imitating the proof of Proposition 5.8 of [HL1], it is shown that 
V* E (u) = T U M C for each u G M c . Hence, fhjuoj = M c follows from Theorem 3.3. It is 
clear that £It> e (uq) = Q{uq). Therefore we obtain Q(uq) = M c . q.e.d. 

For each complex affine subspace P of T^M C , define Ip by 

. = f {i€i\(mU€P} (otP) 

P ' 1 {* € / I ( ni ) uo € P} U {0} (0€P). 

Define a distribution Dp on M c by Dp := © E{. If 4_ P, then it is easy to show that Ip 

is finite and that ( n k) \ ( U 4) 7^ 0- Also, if £ P, then it is easy to show that Ip 
«eip\{o} iei\i P 

is infinite or I P = {0}, and that ( n (Aj)" 1 ^)) \ ( U (A,)" 1 ^)) / 0. Assume that 

«G/p\{0} iel\lp 

4 P. Take v G ( n 4) \ ( U 4)- Let u be a parallel normal vector field on M c 
ie/ P \{o} iei\i P 

with w uo = f and set v := (7r ocj))^(v), which is well-defined because v is projectable. These 
normal vector fields v and v are focal normal vector fields of M c and M c , respectively. 
Let fy (resp. fy) be the focal map (i.e., the end point map) for v (resp. v) and Fy (resp. 
Fy) the focal submanifold for v (resp. v) (i.e., Fy = fy(M c ) (resp. P^ = fy{M c ))). Also, 
let be the leaf of D P through u £ M c . We have L^ p = f~ 1 (fy(u)). By applying 
Theorem A of [Koi7] to M c , we can show the following homogeneous slice theorem for 
M c . 

Theorem 3.5. H0 4.P, then the leaf L® p is a principal orbit of the direct sum repre- 
sentation (having Tji^Fy as the representation space) of aks-representations. 

Proof. Let u-y := fy(u), F~ := (ir o <j))(Fy) and xi := (it o <j))(ui). Also, set L := f~ 1 (u i ) 
and L' := fz 1 (xi), which are leaves of the focal distributions corresponding to v and v, 
respectively. According to Theorem A of [Koi7], L' is the image of a principal orbit of 
the direct sum representation of aks-representations on T^F~ by the normal exponential 
map exp- 1 - of F~. On the other hand, under the identification of T^Fy with T^F~, V is 
the image of L by exp -1- . Hence it follows that L is a principal orbit of the direct sum 
representation (having Tf i u \Fy as the representation space) of aks-representations. Since 
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^ P by the assumption, we have L^ p = L. Therefore the statement of this theorem 
follows. q.e.d. 

Set {Wp) u :=u + {D P ) U ® Span c {(n;) M | % G I P \ {0}} (u G M c ). Let 7 : [0, 1] ->• M c 
be a piecewise smooth curve. In the sequel, we assume that the domains of all piecewise 
smooth curves are equal to [0, 1]. If j(t) _L (Dp) 7 ( t ) for each t G [0, 1], then 7 is said to 
be horizontal with respect to Dp (or Dp-horizontal). Let (i = 1,2) be curves in M c . If 

^Mt) = ^2(t) ^ or eac ^ * e ^' ^' ^ en ^ anc ^ ^ 2 are sa ^ *° ^ e P ara ^- By imitating the 
proof of Proposition 1.1 in [HL2], we can show the following fact. 

Lemma 3.6. For each Dp-horizontal curve 7, there exists an one-parameter family 
{/i^f I < t < 1} of holomorphic isometries h®£ : (Wp) 7 (o) — > (Wp) 7 (t) satisfying the 
following conditions: 

« <nL%) = L% (0<t^< 1), 

(ii) for any u G L®^, * ^ rf : t(u) is a Dp-horizontal curve parallel to 7, 



(iii) for any u G and any i G Ip, (/i^f = {Ei) h D 



Proof. First we consider the case of ^ P. Take t> G n 4 \ ( U 4)- Let t> be the parallel 

ieip iei\i P 

normal vector field of M c with v uo = v. Let 7 := o 7. Define a map /it : (Wp) 7 (o) — ► ^ 
by /it(u) := 7(t) + r^| o ^ (7(0)11) (u G (IVp) 7 (o)) (see Figure 3), where is the parallel 
translation along 7 with respect to the normal connection of F%. Then it is shown that 
{ht I < t < 1} is the desired one-parameter family. Next we consider the case of G P. 
Take v G n (A*)" 1 ^) \ ( U (A*)" 1 ^)). Let v be the parallel normal vector field of M c 

i£lp iel\lp 

with v U0 = v. We define a map v : M c ->• ^(l) by := v u (u G M c )^where S°°(l) 
is the unit hypersphere of V centered 0. Then we have v* u = —A$ u (u G M c ). If i G Ip, 
then we have v* u ((Ei) u ) = {-((rii) u ,v u )X \ X G (£;)«} = {0} and, if i £ I P , then we 
have v* u {(Ei) u ) = {-((ni) u ,v u )X \ X G (£«)«} = (Ei) u . Hence we have Keiv* u = (D P ) U . 
Therefore Dp is integrable and it gives a foliation on M c . Denote by $p this foliation 
and Dp the orthogonal complementary distribution of §p. Let U be a neighborhood of 
7(0) in f^Q) such that there exists a family {tp t : U — > Ut | < t < 1} of diffeomophisms 
such that, for any u £ U, the curve 7 M (44> 7«(i) := ipt(u)) is a Dp-horizontal curve, where 

dcf 

f/t is a neighborhood of 7(4) in L^ny Note that such a family of diffeomorphisms is 
called an element of holonomy along 7 (with respect to Tp and Dp) in [BH]. Let A be 
a fundamental domain containing no of the complex Coxeter group of M c at no- Denote 
by A u a domain of T^M C given by parallel translating A with respect to the normal 
connection of M°. Set U := U (Span c {(nj) u | i G Ip \ {0}} n A u ), which is an open 
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subset of the aflfine subspace (Wp) 7 (o). Define a map ht ■ U — > (Wp) 7 ( t ) (0 < t < 1) by 
/i t (u + to) = 7„(t) + (w) (u G U,w G Span{(ni) u | i G I P \ {0}} n A u ) (see Figure 

4). By imitating the proof of Lemma 1.2 in [HL2], it is shown that ht is a holomorphic 
isometry into (Wp) 7 m . Hence ht extends to a holomorphic isometry of (Wp) 7 (o) onto 
(Wp)jM. Denote by ht this holomorphic extension. It is shown that hts gives the desired 
one-parameter family by imitating the discussion in Step 3 of the proof of Proposition 1.1 
in [HL2]. q.e.d. 

Fix zq G I U {0} and take a complex affine subspace Pj of T^ Q M C with Ip iQ = {io}- 
Note that Dp iQ is equal to Ei . Denote by &i (uo) the group of holomorphic isome- 

E E- 

tries of (Wp iQ ) U0 generated by {h '° \*y : Ei — horizontal curve s.t. 7(0), 7(1) G L U q }, 

where is the integral manifold of E{ through no- Also, denote by $° o (uo) the iden- 
tity component of <3?j (uo) and &l (uo) uo the isotropy subgroup of <&^ (uo) at no- De- 
fine a Ad $ o ( Mo )(<I>? o (uo))-invariant non-degenerate inner product ( , ) of the Lie algebra 

Lie$° (u fof <t>°>o)by 

(X,Y) :=B(X,Y) + Tt(XoY) (X, Y G Lie<&°(u )), 

where B is the Killing form of Lie <J>9 (uq) and, in Tr(XoY), X and Y are regarded as linear 
transformations of (Wp i ) uo . Take X G Lie<I>? (u ) © Lie ®° Q (uo) uo . Set g(t) := exptX 
and := g(t)uo, where exp is the exponential map of $° o (uo). It is clear that 7 is a 

E- 

geodesic in L U q° ■ Hence 7 is an i^-horizontal curve for i E I with i 7^ iq. Let F 7 be the 
holomorphic isometry of V satisfying F 7 (7(0)) =7(1) and 

(3.2) i F j)*j(o) = 

In similar to Theorem 4.1 of [HL2], we have the following fact. 

Proposition 3.7. The holomorphic isometry F 7 preserves M c invariantly (i.e., F 1 (M C ) = 
M c ). Furthermore, it preserves E; L (i G I) invariantly (i.e., F lif (E{) = Ei). 

To show this proposition, we prepare some lemmas. By imitating the proof (P163~166) 
of Proposition 3.1 in [HL2], we can show the following fact. 



#(l)* 7 (o) 011 (-^0)7(0) 

(^l)* 7 (0) 011 ( E i)j(ti) (* + *o) 

t± on T^M C . 
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Figure 3. 

(Wp) 7( o) (W P ) 7(t ) 

it + w 




Figure 4. 
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Lemma 3.7.1. Let N and N be irreducible proper anti-Kaehler isoparametric subman- 
ifolds of complex codimension greater than one in an infinite dimensional anti-Kaehler 
space, ff N n N / and, for some xq G N n N, T X0 N = T XQ N and there exists a complex 
afRne line Iq ofT x L Q N(= T^N) such that L x ^ = L x ^ for any complex afhne line I ofT^N 
with I / Iq, then N = N holds, where D\ (resp. D{) is the integrable distribution on N 
(resp. N) defined for I in similar to Dp. 

Proof. Let {Aj | i G /} (resp. {Aj | i G /}) be the set of all J-principal curvatures of TV 
(resp. N), xii (resp. fij) the J-curvature normal corresponding to \ (resp. \) and Ei 
(resp. Ei) the J-curvature distribution corresponding to \ (resp. \). Denote by A 
(resp. A) the shape tensor of N (resp. N). Let Eq be the J-curvature distribution on 
TV with (Eq) x := n Ker A v (x G N) and Eq the J-curvature distribution on N with 

veTj-N 

(Eq) x := n KevA v (x G iV). Let Qo(^o) (resp. Qq(xq)) be the set of all points of N 

(resp. N) connected with xq by a piecewise smooth curve in N (resp. N) each of whose 
smooth segments is contained in some complex curvature sphere or some integral manifold 
of Eq (resp. Eq). Take any x G Qq(xq). There exists a sequence {xq,x±, - ■ ■ ,Xk(= 
x)} such that, for each j G {1, ■ ■ ■ ,k}, pj G (U L x ' ) U L x ° . Assume that there 

E- 

exists jo G {l,--- , k} such that Xj G L x t j ° 1 for some iq G / with (rii ) xo G Iq. Since 
N is irreducible, the complex Coxeter group associated with N is not decomposable. 
Hence, according to Lemma 3.8 of [Koi5], we can find a J-curvature normal of N 
satisfying (n^)^ ^ Span c {(nj ) XQ } U SpanQKnjy)^,}- 1 (see the final part of the first 
paragraph of the previous section), where we use also codim c iV > 2. Furthermore, since 
rtjj is a J-curvature normal, then so are also infinitely many complex-constant-multiples 
of n,i x . Hence we may assume that (n^)^, does not belong to Iq by replacing to 
a complex-constant-multiple of if necessary. Denote by 4 ii the affine line in T XQ N 
through (rii ) Xo and (nj 1 ) Xo , and set -0^^ := -D4 4 for simplicity. According to Theroem 

3.5, LxJ°-i is a proper anti-Kaehler isoparametric submanifold in (Wjj ii ) Xj . x of complex 
codimension two. Furthermore, since both (rcj ) xo and (n^)^ are J-curvature normals 
of L X .°^_\(C (Wi ioii ) Xjo _ 1 ) and since they are not orthogonal, it follows from Lemma 3.8 

of [Koi5] that L X J°^_\ is irreducible. Hence, by the anti-Kaehler version of Theorem D 
of [HOT], Xj -\ can be joined to Xj by a piecewise smooth curve each of whose smooth 
segments is tangent to one of E^s (i & I s.t. (rii) Xo G 4 «i an d (ni) XQ 7^ (ni ) XQ ). Therefore, 
we can find a sequence {xq,Xi,--- ,x' k ,(= x)} such that, for each j G {1, ■ ■ ■ , k'}, x'j G 

( U L E j ) U L E ? . Hence it follows from Lemma 3.7.2 (see below) that x\ G 

\iei s.t. (ni) xo $h X 3-W x j-i 

Qq(xq), x' 2 G Qq{x[), ■■■ ,a4'-i G Qo(^fc/_ 2 ) an d x G QoO*4'_i) inductively. Therefore 
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we have x G Qq{xq). From the arbitrariness of x, it follows that Qo(xq) C Qo^o)- 
Similarly we can show Qo( x o) C Qo(^o)- Thus we obtain Qo(^o) = Qo(^o) and hence 

Qo(zo) = <2o(zo)- 

Let T> E (resp. "D^) be the set of all local (smooth) vector fields of N (resp. N) 

which is tangent to some Ei (resp. E{) (where i may be equal to 0) at each point of the 

domain. Since (D° E )*(x) = (E ) x {®{Ei) x ) = T X N for each x G N, it follows from 

iei 

Theorem 3.3 that flpo (xo) = N. Similarly, we have Jlgo (%o) = N. Also, it is clear that 
^T>° E ( x o) = Qo( x o) and ^-go ( x o) = Qo(%o)- Therefore we obtain N = N. q.e.d. 

Lemma 3.7.2. Let N, N, xq and Jq be as in Lemma 3.7.1. Then, for any x G L x ° U 

( U Lf*), we have T X N = T X N and L® 1 = L® 1 for any complex afEne line I of 

iei s.t. {n,i) xo <£k 
T±N with I ? h- 

Proof. First we consider the case where x G L^ for some i with (rii) Xo ^ Iq. Then, 

from the assumption, we have x G L^j = L^ and hence L^* = L^\ Let I be a complex 
affine line of T X{j N with / ^ Iq. Assume that {ni) xo G /. Then we have x G Lfjj C i/^. 

Since I ^ Iq, it follows from the assumption that L X J = L x £. Hence we have L x l = L x l . 

Therefore it follows from the arbitrariness of I that ]T T X L® 1 = T x L x l . On the other 

hand, we have T X N = J2 T X L%* and T X N = J2 T X L® 1 . Therefore we have T X N = T X N . 

Assume that {rii) xo ^ I. Take a curve 7 : [0, 1] — > L x * with 7(0) = xq and 7(1) = x. Since 
i n i)x & h 7 is ^/-horizontal. For the holomorphic isometries : (W{) Xo — >■ (Wj) x and 

^1 : (W{)x -> as in Lemma 3.6, we have h°\(L%) = L%* and h%\(L%) = L°>. 

On the other hand, by imitating the discussion from Line 7 from bottom of Page 164 

to Line 4 of Page 165 in [HL2], we can show h®\ = h®\. Hence we obtain L x l = L x l . 

Therefore it follows from the arbitrariness of I that T X N = T X N. 

Next we consider the case of x G L^°. Let I be a complex affine line of T^N with 

I / Iq- Assume that G /. Then we have x G Lf° C Lfj = Lfj and hence L®> = L® 1 . 
Therefore it follows from the arbitrariness of I that T X N = T X N . Assume that ^ I. Take 
a curve 7 : [0, 1] — > L x ° with 7(0) = x$ and 7(1) = x. Since ^ I, 7 is ^/-horizontal. 

For the holomorphic isometries h®\ : (Wi) xo — > (Wi) x and : (Wi) xo — > (Wi) x , we have 

h®\(L^) = L® 1 and h®[(L^) = L® 1 - On the other hand, by imitating the discussion 

from Line 18 of Page 165 to Line 6 of Page 166 in [HL2], we have h®[ = hP\. Hence we 



21 



obtain L x l = L x l . Therefore it follows from the arbitrariness of I that T X N = T X N . This 
completes the proof. q.e.d. 

In similar to Lemma 4.2 in [HL2], we have the following fact. 

Lemma 3.7.3. If N is a principal orbit through a semi-simple element of an aks- 
representation, then N is a full irreducible proper anti-Kaehler isoparametric submanifold 
and each holomorphic isometry of the ambient (finite dimensional) anti-Kaehler space 
defined for N in similar to the above holomorphic isometry F y preserves N invariantly. 

Proof. Let L/H be an irreducible Riemannian symmetric space of non-compact type and 
p the aks-representation associated with L c /H c . Denote by I (resp. f)) the Lie algebra of 
L (resp. H). Let 9 be the Cartan involution of L with (Fix#)o C H C Fix 9 and denote 
by the same symbol 9 the involution of I associated with 9. Set q := Ker(# + id), which is 
identified with T e jj(L/ 'H). The complexification q c is identified with T e H^(L c / H c ). Let N 
be a principal orbit through a semi-simple element w(G q c ) of p. Denote by A the shape 
tensor of N. Let a be a Cartan subspace of q c containing w. See [Ha] about the definition 
of a Cartan subspace. The space o contains the maximal split abelian subspace a v := oPiq 
of vector-type and a = a£ holds. See [OS] or [R] about the definition of a maximal split 
abelian subspace of vector-type. For each (R-)linear function a on a v (i.e., a G a*), we 
set 

q c a : = {X G q c | ad{a) 2 (X) = a{a) 2 X (Va G a„)}. 

Set A := {a G a* | q„ / {0}}, which is called the root system with respect to a v . Then we 
have the root space decomposition 

<\ c = a+ Yl 

aeA + 

where A + is the positive root system under some lexicographical ordering of a* and we 
note that o is equal to the centralizer of in q c . For each a G A + , the complexification 
a c of a is regarded as a C-linear function on a and we have 

q c a = {X G q c | ad(a) 2 (X) = a c (a) 2 X (Va G a)}. 

Since N is a principal orbit of p and hence w is a regular element, we have a c (w) / for 
any a G A + . Under the identification of T w q c and q c , T^N is identified with a. Under this 
identification, a c is regarded as a C-linear function on T^N . Denote by a c this C-linear 
function on T^N . Easily we can show 

ct c (v) 

A vU- = Hrid (a G A+) 

^ a c (w) y + ' 
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for any v G T^N. Let A a c be the parallel section of the C-dual bundle (T L N)* of 
T^N with (A Q c) w = — a c . It is clear that iV is a proper anti-Kaehler isoparametric 
submanifold having {A Q c | a G A + } as the set of all J-principal curvatures. Denote by E a c 
the J-curvature distribution for A Q c . Take vq G (A a c)~ 1 (l) \ ( u (A a c) w (1)) and 

S.t. Cty^CtQ 

set F := p{H c ) ■ (w + vq), where vq is regarded as an element of q c under the identification 
of T w q c and q c . It is clear that F is a focal submanifold of N whose corresponding focal 
distribution is equal to E a c. We have the relations f) c = ^(dv) + Yl T w+Vo F = 

(\a an d T^ +VQ F = o + q^ , where 3(,c(a„) is the centralizer of a v in f) c and 

a£A-|- s.t. cty^ao 

f£ := {X G h c | ad(a) 2 X = a(a) 2 X (Va G c^,)}. Denote by H° (resp. the isotropy 

group of the 7J c -action at w (resp. w + vo) and by f)£, (resp. f)£, +1 , ) the Lie algebra of 
(resp. i^S+'yo)- Tri en we have f)£, = 3^(0^) and t)w+v = l^(a v ) + h^ () . For the restriction 
of the p(H^ + )-action (on q c ) to F is called the slice representation of the action at 

w + vq. It is shown that this slice representation coincides with the normal holonomy group 

E a c 

action of F at w+vo and that p(H^ +V0 )-w is equal to L w . Set &(w+vo) := p{H° +VQ ) and 

E a c 

&(w) := p(H^). The leaf L w is identified with the quotient manifold &(w + vo)/Q(w). 
Take X{= ad [c (X)) G Lie$(w + wo) Lie<3?(tt;), where X G t)S,+„ , and set g(i) := 
exp $( - u , +t , )(tX) and 7(f) := #(£) • w, where t G [0, 1]. Let F 7 be the holomorphic isometry 
of the ambient anti-Kaehler space satisfying F y (w) = 7(1), (-Ky)*™!^)™ = ^(l)*™!^)^ 

(-F 7 )*«<l(£ Q c)„ = ^i C |(B a c) w (« G A+ s.t. a / a ) and (F 1 )^ W \ T ± N = r^, where h^f is 
the holomorphic isometry as in the statement of Lemma 3.6 defined for this 7 and t^t is 

the parallel translation along 7 with respect to the normal connection of N. Easily we can 

E 1 

show h 7 °l \(E a c) w = 9{^)*w\(E aC ) w and = g(l)* w \ T ^N- Hence we have (F y )* w = 5(1)™. 
Furthermore, since both F 7 and g(l) are affine transformations of q c , they coincide with 
each other. Therefore, we obtain F 1 (N) = g(l)(p(H c )-w) = p(exp LC (X))(p(H c )-w) = N. 
This completes the proof. q.e.d. 

By using Lemmas 3.7.1 and 3.7.3, we shall prove Proposition 3.7. 

Proof of Proposition 3. 7. Since M c is a full irreducible proper anti-Kaehler isoparamet- 
ric submanifold and F 7 is a holomorphic isometry of V, M c := F 7 (M C ) also is a full 
irreducible proper anti-Kaehler isoparametric one. Denote by A' the shape tensor of 
M c . Let {E[ \ i G /} U {E' } be the set of all J-curvature distributions on M c and 
n\ the J-curvature normal corresponding to E' i: where E' is a distribution on M c ' de- 
fined by {E' ) u := n_ Ker A' v (u G M c '). Clearly we have 7(1) G M c n M c '. Since 

( i? 7)*7(0)(( n 7 (0)) = 7" 7 L (K) 7 (0)) = (n») 7 (l) (* G J )> We haVe K) 7 (l) = ( n i) 7 (l) (* 6 I )- 
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Also, since (# 7 )* 7 ( )((#i) 7 (o)) = (/i^\)* 7(0 ) ((#j) 7 (o)) = (#i) 7 (i) (* G 7 \ {*o}), we have 
(#0 7 (i) = (#i) 7 (i) (* G A {*o}), From this fact and (nj) 7(1 ) = (n;) 7(1) , we have = 
L 7(i) (* G 7 \ {*()})• Also, since (# 7 )* 7 (o)((#i ) 7 (o)) = s(l)* 7 (o) ((#i ) 7 (o)) = (#o) 7 (i)> we 

E' e 

have (#- ) 7 (i) = (#10)7(1)- From this fact and « ) 7 (i) = (^0)7(1), we have = L^. 
Also, from (#-) 7 (i) = (#1)7(1) (* G 7 )' T 7 (i)^ c = T 7 (i)^ c ' follows. Let Zq be the com- 
plex afhne line through and (rai ) 7 (i)- Let Z be any complex affine line of T^M C with 

I / Iq. Now we shall show that £ 7 (i) = 7 7 (i)' wnere #z (resp. Z?{) is the distribution 
on M c (resp. M c ') defined as above for Z. If (raj ) 7 (i) ^ Z, then 7 is a L>/-horizontal 

curve and hence we have F 7 (L^) = and hence = #^(1)- Next we consider 

the case of (nj„) 7 (i) G Z. Then we have ^ Z because of Z / Zq. If there does not ex- 

Y) E- E f Y)' 

ist i ) G / with (nj 1 ) 7(1) G Z, then we have = = = L^fa. Next 

we consider the case where there exists io) G I with (n^^m G I. Let w be a fo- 
cal normal vector field of M c such that the corresponding focal distribution is equal to 
D\. Since ^ I, it follows from Theorem 3.5 that L^h-, is a principal orbit of the direct 
sum representation (having Tji^^F% as the representation space) of aks-representations. 
Since (^i ) 7 (i)) (^ii) 7 (i) G I and ^ Z, (?ti ) 7 (i) and (nj 1 ) 7 ( 1 ) are C-linear independent. 
Assume that L?L. is reducible. Then, according to Theorem 1 of [Koi5], the complex 
Coxeter group associated with L^fo is decomposable. Furthermore, according to Lemma 
3.8 of [Koi5], (Hj ) 7 (i) an d ( n «i) 7 (i) are orthogonal and no J-curvature normal of 
other than their complex-constant-multiples exists. Therefore, is congruent to the 

(extrinsic) product of complex spheres and Similarly is congruent to the 

(extrinsic) product of L„ '° and L„ n . Hence we have 

#7 ( L uo) = #7(^0°) x #7(-^«o 11 ) = ^7(1) X ^ 7 (1) = 7 7 (1)- 

On the other hand, we have F~(Li? 1 ) = L L-,. Therefore we obtain L A, = L A,. As- 

' »v wo/ 7 (1) 7(1) 7(1) 

sume that Ay/n is irreducible. Then LL^ is a principal orbit of an aks-representation 
on T^ (7(1))J F~. Then it follows from Lemma 3.7.3 that F 7 (L^ 1} ) = (# 7 |(w,) 7(1) )( 7 7(\)) = 

L D ?,s. Hence we obtain L D /,s = L D , l ,s. Thus we obtain L°As = L D /,s in general. Therefore, 

7(1) 7(1) 7(1) tW 

from Lemma 3.7.1, we obtain M c ' = M c , that is, F 7 (M C ) = M c . q.e.d. 
By using Proposition 3.7, we prove the following fact. 
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Proposition 3.8. For any u G Q(uq), there exists a holomorphic isometry fofV such 
that /(n ) = u, f(M^) = M°, /*(£;) = E t (i€ I), f(Q{u )) = Q{u ) and that /* U0 | T± ^ C 

coincides with the parallel translation along a curve in M c starting from uq and terminat- 
ing to u with respect to the normal connection of M c . 

Proof. Take a sequence {no, u±, ■ ■ ■ ,Uk{= u)} of Q(uq) such that, for each i G {0, 1, ■ ■ ■ , k— 
1}, Ui and Ui + \ belong to a complex curvature sphere Sf of M c . Furthermore, for each 
i G {0, 1, ■ ■ ■ , k — 1}, we take the geodesic ji : [0, 1] — > Sf with 7i(0) = u; L and 7i(l) = 
Ui + \. Set / := F lk _ 1 o ■ ■ ■ o F yi o F 70 , where F 7i {i = 0, 1, • • • , k — 1) are holomorphic 
isometries of V defined in similar to the above F 7 . According to Proposition 3.7, / 
preserves M c invariantly, f*(Ei) = E; L {i G /) and the retriction of /* M() to T^M C coincides 
with the parallel translation along a curvejn M c starting from no and terminating to n 
with respect to the normal connection of M c . Also, since / preserves complex curvature 
spheres invariantly, it is shown that / preserves Q(uq) invariantly. Thus / is the desired 
holomorphic isometry. q.e.d. 

By using Propositions 3.4 and 3.8, we shall prove the homogeneity of M c . 



Proof of Theorem 3.2. Take any n G M c . Since Q(uo) = M c by Proposition 3.4, there 
exists a sequence {uk}^ =1 in Q(uo) with lim = u. According to Proposition 3.8, for 

k— >oo 

each k G N, there exists a holomorphic isometry f^ of V with fk(uo) = n^, fk(M c ) = 
M c , f k (Q(u )) = Q(n ) and f k (L%) = (i G /). 

(Step I) In this step, we shall show that, for each i G /, there exists a subsequence 
{fk }^Li OI {/fc}fcLi such that {fk \ T E i}^Li pointwisely converges to a holomorphic isom- 

3 J 3 L U q J 

etry of L^i onto L~\ For any point n of M c , denote by (L^)r the compact real form 
through n of the complex sphere satisfying (T u (L^ 4 )r, JT u (L^)r) = 0, where a 
real form of means the fixed point set of an anti-holomorphic diffeomorphism of 
Lf\ Here we note that such a compact real form (L^*)r of L^' is determined uniquely 
(see Figure 5) and that it is isometric to a m^-dimensional sphere, where nii := dimSj. 
Clearly we have fk{(L^)n) = (L^)r. Denote by the foliation on M c whose leaf 
through n G M c is equal to (-Z^)r, and M c the leaf space of fo. Take a ^-saturated 
tubular neighborhood U of (L-j*)r in M c , where "fo-saturatedness" of U means that 
C U for any n G U. Take a base {ei, • • • ,e mi } of T U0 ((L^)r) such that the norms 
Il e i||) • • • > ll e mj| are sufficiently small and set u a := exp(e a ) (a = 1, ■ ■ ■ where exp is 

the exponential map of (L^)r. Since (L^)r's (n G U) are compact, is a Hausdorff 
foliation. From this fact and the compactness of (L^)r, it follows that there exists a 
subsequence {fk 3 }f=i of {fk}^ such that (« a )}£Li (a = V" ,m) converge. Set 
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u a := lim fkAua) (a = !,■■■ ,mj). Since lim f k Au ) = u and A,((L^ 1 )r) = (^S )r, 

it follows from the Hausdorffness of that u a belongs to (L^)r (a = 1, ■ ■ ■ , mi). De- 
note by do,dj {j € N) and ci the (Riemannian) distance functions of (L„*)r, (L„* )r 

and (-L^)r, respectively. Since each /fc,L r is^ is an isometry onto (L^j )r, we have 
dj{fkj{uo)J kj (u a )) = d (u ,u a ) and dj(f kj (u a ), f kj (u b )) = d (u a ,u b ), (a,b = !,■■■ ,™i)- 
Hence we have d(u,u a ) = do(uo,u a ) and d(u a ,Ub) = do(u a ,u b ) (a,b = l, -- , mi). There- 
fore, since (L^?)r onto (L~ 1 )r are spheres isometric to each other, there exists a unique 
isometry / of (L^)r onto (L^)r satisfying /(no) = u and /(tZ a ) = u a (a = 1, • • • ,m,). It 
is clear that / is uniquely extended to a holomorphic isometry of L^jj onto L- 1 . Denote by 
/ this holomorphic extension. It is easy to show that {fkA/r^ pointwisely converges 

to /. Furthermore, it follows from this fact that {fkA r E i }f^ 1 pointwisely converges to /. 

(Step II) Next we shall show that, for each fixed w G Q(uq), there exists a subsequence 
{fkj}fLi °f {/felfcLi such that {/fej (w)}j^i converges. There exists a sequence {uo(= 
uo),iti, • • • ,%(= w)} in Q(uq) such that, for each j G {1, • • • , m}, Uj is contained in a 

complex curvature sphere L^_^ . For simplicity, we shall consider the case of m = 3. From 
the fact in Step I, there exists a subsequence {fk l }JL\ of {fk}kLi such that {f k i\ E ni)}^=i 

pointwisely converges to a holomorphic isometry f 1 of L u ^ w onto . Furthermore, 

by noticing lim f k i{u\) = f l {u\) and imitating the discussion in Step I, we can show 

j-^oo 3 

that there exists a subsequence {fk^JLi of such that {fk?\ B i(2)}j^=i pointwisely 

converges to a holomorphic isometry f 2 of onto L^^K. Furthermore, by noticing 

lim f k 2(u2) = f 2 {u2) and imitating the discussion in Step I, we can show that there exists 
a subsequence {f k 3}'^ =1 of {fk^JLi such that {f k z\ s l(3) }^ 1 pointwisely converges to a 

holomorphic isometry f 3 of L u l (3) onto LAf- v In particular, we have lim f k 3(w) = f 3 (w). 

Thus {/^a}^ is the desired subsequence of {/a-}^!. 

(Step III) Let W be the complex affine span of M c . Next we shall show that there exists 
a subsequence {fk^JLi of {fk}kLi such that {fkj\w}JLi pointwisely converges to some 
holomorphic isometry of W. Take a countable subset B := {wj \j G N} of Q(uq) with 
.B = Q(no)(= M c ). According to the fact in Step II, there exists a subsequence {fk\}'jLi 
of {/fc}^! such that {/^(wi)}^! converges. Again, according to the fact in Step II, there 
exists a subsequence {fk 2 }T=\ of {/fci}^i such that {fk 2 .{ w 2)}T = i converges. In the sequel, 
we take subsequences {f k i} c ? 1 (I = 3,4, 5, • • • ) inductively. It is clear that {f h j(wi)}^ =1 

j J Kj J 

converges for each I € N, that is, Ib}^ pointwisely converges to some map f of B 



26 



into M c . Since each f,j is a holomorphic isometry, / extends to a holomorphic isometry 
of M c . Denote by / this extension. It is clear that {f^\j^\'jL\ pointwisely converges to 
/. Furthermore, since each f k j is an affine transformation and hence the restriction fy\w 

3 3 

of /, j to W is a holomorphic isometry of W, f extends to a holomorphic isometry of W. 

Denote by (/)~ this extension. It is clear that {f k j\w}JLi pointwisely converges to (/)~. 

(Step IV) Denote by H the group genereted by all holomorphic isometries of V preserv- 
ing M c invariantly. Let / and (/)~ be as in Step III. It is clear that (/)~ extends to a holo- 
morphic isometry of V. Denote by / this extension. Then we have f(M c ) = f(M c ) = M c 
and /(no) = /(no) = hm fu(uo) = lim u,j = u. Hence we have u G H • uq. From the 

j— >oo K j j^-oo K j 

arbitrariness of u, we obtain M c C H ■ uq. On the ther hand, it follows form the definition 
of H that H • u C M c . Therefore we obtain H • u = M c . q.e.d. 
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Figure 5. 

4 On the holomorphic Killing field associated with the con- 
structed one-parameter family of holomorphic isometries 

Let M(^-> G/K) be as in Theorem A and M c the (complete extrinsic) complexification 
of M. Set M c := vr^M ) and M c := (it o 0)- 1 (M c ), where (f> is the parallel transport 
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map for G c and it is the natural projection of G c onto G c /K c . Without loss of generality, 
we may assume that K c is connected and that G c is simply connected. Hence both 
M c and M c are connected. Also, without loss of generality, we may assume G M c 
and hence e G M c . For simplicity, set V := H°([0,l],g°), V- := 77°([0, 1], fli) and 
V + :=H°([0,1], B %). 

Notations. For simplicity, denote by ( , ) the non-degenerate inner product ( , )q of V 
and ( , )± the positive definite inner product ( , )^ rr()c of V. See Section 2 about the 

definitions of ( , )q and ( , )^„o, c - Also, denote by || • || the norm assocaited with ( , )±. 

Denote by V and V the Riemannian connection of M c and V, respectively, and A and h 
the shape tensor and the second fundamental form of M c , respectively. Set p := T £ k{G/K) 
and b := T^ K M. Let o be a maximal abelian subspace of p (c q) containing b and 
p = a + Yl Pa be the root space decomposition with respect to a, that is, p a := {X G 

aeA+ 

p | ad(a) 2 (X) = a{a) 2 X (V a G a)} and A + is the positive root system of the root system 
A := {a 6 o* \ {0} | p a / {0}} under a lexicographic ordering of a*. Set A b := {a\b | a G 
A s.t. a|(, ^ 0} and let p = 3 p (b) + £^8e(A b )+ P/3 be the root space decomposition with 
respect to b, where 3 p (b) is the centralizer of b in p, pp = Yl Pa and (A(,)+ is 

a£A + s.t. a| ( ,=±/3 

the positive root system of the root system A& under a lexicographic ordering of b*. For 
convenience, we denote 3 p (b) by pQ. Denote by A (resp. A) the shape tensor of M (resp. 

M c ). Also, denote by R the curvature tensor of G/K. Let := max ((Spec Au and 

f£b\{0} 

riiR := max JjSpeci?(i>), where ))(•) is the cardinal number of (•). Note that thr = (t(A(,) + . 

t)Gb\{0} 

Let J7 := {d 6 b \ {0} | jJSpecA„ = tha, #SpecR(v) = thr}, which is an open dense subset 
of b \ {0}. Fix v G U. Note that Speci?(t;) = {-(3{v) 2 | /3 G (A b )+}. From u G 17, /3(t>) 2 's 
(/3 G (A b )+) are mutually distinct. Let SpecA, = {\\, ■ ■ ■ , \ v mA } (X\ > ■ ■ ■ > \ v mA ). Set 

7 V= {i|p nKer(A,-Ayid)^{0}}, 
iy.= {i| Pj9 nKer(A,-AVid)^{0}}, 

:={^G7^||Ari > |/3W|}, 
(7^)-:={ i G7^||An < |/?(t;)|}, 

:= {<€i?||AV| = |/3(t;)|}. 

Let 7^ be thejsum of all complex focal hyperplanes of M c at 0. Since the normal space 
Tq-(M c ) of M c at 6 is identified with the complexification b c of b, each complex focal 

hyperplane of M c at is regarded as a complex hyperplanes of b c . Denote by pr R the 
natural projection of b c onto b and set 7-r := pr R (7-~). Then we can show the following 
fact. 
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Lemma 4.1. The set (fg) is empty and Spec A„| j] (3e(A } p/3 JS e Q ua ^ t° 

U{^(«) tanh p(Z) | /3 G (A b )+ s.t. / 0} 
for some Z G b . Also, we have 

P/3 = <( Ker (A, - tanh 0(Z)) ((/£)+ = 0) 

Ker (A, - tar f h ^ (z) ) © Ker (A - P{v) tanh ((/£)+ / & (7^)" / 0) 

for any /3 G (A 6 )+. 

Proof. From t> G {/, we have /3(f) / for any (3 G (A(,) + . Hence, according to the proof 
of Lemma 3.1, we have (fg)° = because M satisfies the condition (*c)- Set Cg i v := ^r- 

(i G (/£)+ (J3 G (A„)+)) and c" . „ := ^ (i G (/? G (A b )+)). According to the proof 

of Theorems B and C in [Koi8] , we have 



F=\ U 

Ue(A„)+ (ij)g(j 



and 



U^^^^-^arctanhc+.^ + iTrv^T)^) 
U U U (/3 c ) _1 (arctanhCfl • , + 0' + -)vr 



Jr = U U /T 1 (arctanhc+ ) 



^arctanhc^ - J^ . 



u u 

\0e(A b )+ie(J 

Since M is of codimension greater than one and M has fiat section, we have rankG/K > 2. 
From this fact, it follows that J^a is not empty. Let Wr be the group generated by 
reflections with respect to the members of J-r. Then, since T is invariant with respect 
to the complex Coxeter group associated with M, it is shown that J-r is W/R-invariant. 
Therefore, since J-r consists of finite pieces of hyperplanes in b, it is shown that the 
intersection of all the members of is not empty. Take an element Z of their intersection 
(see Figure 9). Then we have 

\" = { tJhV(z) ( iG ( J P + ) 

/3(v) tanh P(Z) (i G (fg) _ ). 
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Hence we obtain the statement of this lemma. 



q.e.d. 



Denote by VCj{M c ) the set of all J-principal curvatures of M c . For simplicity, set 
: = Ker (^A v — taj ^g(z) ) an d Ep := Ker (A v — [3(v) t&nh [3(Z)). By using this lemma 
and Lemma 13 in [Koi3], we can show the following fact for T'Cj{M c ). 

Lemma 4.2. The set VCj{M c ) is equal to 

13 e (A b )+ s.t. (i^)-^0, j€z\ 



u l p{z) + { 3 + \)J c 



for some Z G b, where /3 C is the parallel section of the dual bundle (T^M )* of T^M C 
with (J% = /3 C . 

Proof. Let t> be an element of U, where U is as above. According to Lemma 12 in [Koi3], 
we have 

f} 6 (a c )etf°([0,l],3 { c(a c )) C Kerl„. 

Also, according to Lemma 13 in [Koi3], for w G pp D Ker(A v — t Jfa"p\z) anc ^ e ^' we 
have 

uf + l&S Ker (X v - . id) , 

where is a vertical vector with respect to the submersion i: o (f>. Also, according to the 
lemma, for u; G pp D Ker(^4 1 , — /3(f) tanh /3(Z)) and j G Z, we have 

tu L + I'i G Ker f I, P{v) > 



+ (j + ±)vri 



where /'^ is a vertical vector with respect to the submersion 7r o (f>. Note that the above 
vertical vectors li, and l' 3 w are unique for each w and each j, respectively. Furthermore, 
we have 

& t K - (* - «ffe id ) * Ker - ) - ff0([a « e *>■ 

Let A G Spec^Lj \ {0}. According to the proof of Theorems B and C of [Koi8], there exists 
a complex linear function <f> on b c with <f>(v) = A and 0~ 1 (1) C T . According to the above 
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facts, ^(l) coincides with one of (/3 c )- 1 (/ 3 (^)+J 7 ri)' s W G ( A t>)+, s.t. (/^) + 7^ 0, j G Z) 
and (/3 c )- 1 (/3(^) + (i + i)7rV^T)'s (/? G (A b )+, s.t. / 0, j G Z). Hence 4> coincides 

with one f ;^_/? c 's (/3 G (A b )+, s.t. (i^)+ ^ 0, j G Z) and ^^l^^ 's (/3 G 

(A b )+, s.t. / 0, j G Z). Therefore VCj(M c ) is given as in the statement of this 

lemma. q.e.d. 



Let v G U. Set 



/3(Z)+jVi 



5 C 



+ (j + I)vri 
— ^ 



t/? c 



P{Z) + f vri 



((^)- = 0) 

+ & (ijj)" / 0). 



Denote by w^j) the J-curvature normal corresponding to A^ j) and ifyjj) the J-curvature 
distribution correspinding to Also, define a distribution E'q by (-Eb)u : = Ker^ 

(u G M c ). Also, let [E^^) + be the half-dimensional subdistribution of E^^ such 
that ( , )|(B (/3J) ) +X (E (W) ) + is positive definite and that {E {/3:j) , JE {I3J) ) = 0, and set 
(E(pj))- := J{E(pj})+. Similarly we define subdistributions (-Eo)+ an d (-^o)- of E'o- 
Set I := (A b )+ x z'. Also, set 



and 



(TM C 



(TM C 



(E )- 



iei 



(Eo)- 



iei 



For each complex affine subspace P of M c , Dp is a totally geodesic distribution on 
M c . We call the integral manifold L® p of Dp through u a slice of M c . Note that, if 
i P, then LP p is a focal leaf, where is the zero vector of T^~M C . Denote by k the 

complex focal hyperplane (Aj)g 1 (1) of M c at 6. Also, let (k)+ be the half dimensional 
totally real affine subspace of k through the intersection point of k and Span c {(roj)Q} such 
that ( , )|t(4) + xT(4) + is positive definite and that (T(4)+, JT(4)+) = 0, where T(4)+ is 
the tangent bundle of (k)+- For example, in case of 7^ 0, ( n (/3j))o' s an d ^(/3,j) (j £ Z) 

are as in Figure 6. Also, in case of = 0, they are as in Figure 7. 
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( n (/3,2))o 




The case of (/§)+ ^ 



Figure 6 
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( n (/3,2))o 



( n (/3,l))6 

\ ( n (/?,0))o 



( n (/3,3))o-- 




Span c {(n (/3i0) ) 6 } 



The case of = 

Figure 7 



For each /3 G (A(,)+, we define n^(G b) by /3(-) = (ng, •). Also, for i = (/?, j) G /, we define 
a real affine hyper plane if 1 in b by 



R 



Set 7£ := {(n/3, ^) \ f3 G (Af,)+ j G Z}. Denote by pr : the natural projection b c onto ib 
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and set if := prj(Zj) (i G I), which is a real hyperplane in ib. Let W' (resp. W") be the 
group generated by the reflections with respect to if^'s (resp. if's) (i G /). It is clear that 
W' is isomorphic to W" . Also, it is shown that W" is isomorphic to the complex Coxeter 
group W associated with M c through pr r Hence, since W is an affine Weyl group, so is 
also W'. Also, A & is a root system and it is shown that Aj, is preseved invariantly by the 
differential of each element of W". Thus 1Z is an affine root system. 

Definition. We call 1Z (resp. Aj,) the affine root system (resp. the root system) associated 
with M c . 

Since M c is a full and irreducible proper anti-Kaehler isoparametric submanifold of 
codimension greater than one, 1Z is an irreducible affine root system of rank greater than 
one. Let P be a complex affine subspace in T^M C . If G P, then the slice L? is an 
infinite dimensional proper anti-Kaehler isoparametric submanifold in (Wp) Q . Hence the 
root system and the affine root system associated with L? are defined similarly. If ^ P, 
then is regarded as a principal orbit of the isotropy representation of an anti-Kaehler 
symmetric space G ,c /K ,c by the homogeneous slice theorem in [Koi7]. 

Definition. We call the root system of the symmetric pair (G',K') the root system 
associated with L?. 

Fix 6 G M c and w G (£;)o (* G -0- Let 7 : [°> X ] ~> L f be the geodesic in L? 1 
with t'(O) = wq and F 7 the holomorphic isometry satisfying F 7 (7(0)) = 7(1) and the 
relation (3.2). In more general, let Fy, ot , (t G K) be the holomorphic isometry satisfying 
-^7ro t] (7(0)) = 7(*) defined in similar to F~,. For simplicity, set F™° := Fy. ot] . Let X w ° 



be the holomorphic Killing fie! 
{F^'I^r, that is, A»° := 

by U) of all elements u's where the right-hand side exists. Set A w ° := — 



d associated with the one-parameter transformation group 
F™°(u), where u moves over the set (which we denote 



(*ru and 

t=0 



b w ._ (x w °) 6 (i.e., (X w ") u = A w "u + b w °). Clearly we have 

( (Ei) 6 )® T±M C c U. 
Wu{o} V 

However, U does not necessarily coincide with the whole of V. For simplicity, we set 

V := ( (Ei)* ) ®T±M C and := (£;)„. Define a map T wn : -> V 
Wu{o} V u ie/u{0} 

(F™ )*oM(= ^°™) («> G F t) and a map r W() : V£ -> T Q M C by 



by IV, (w) := ^ 
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T WQ w := (T wo w) T (w G Vj.), where (-) T is the TgM c -component of (•). Also, by using T^'s 
(w G U (Ei)o), we define a map T : © (£7i) a x V? V by setting r wi (^2) 
G U (-E'j)Q, u>2 G V^) and extending as one which is linear with respect to the first com- 

ponent. Similarly, by using IVs (w G U (-Ej)o), we define a map T° : ( © I x ->■ TqM c . 

This map T is called the homogeneous structure of M c at 0. Unless necessary, we simply 

denote r° and T° by T and T, respectively. 
In this section, we prove the following fact. 

Theorem 4.3. The holomorphic Killing field X w ° is defined on the whole ofV. 

Clearly we have 

A wo w = T wo w + h(w , w) {w g vi). 

Also, h(wo,-) is defined on the whole of TqM c . Hence, in order to show this theorem, 
we suffice to show that T WQ is defined (continuously) on the whole of TgM c , that is, it is 
bounded with respect to 1 1 • 1 1 . In the sequel, in this section, we shall prove the boundedness 
of F Wo by imitating the discussion in [GH]. First, in similar to Lemma 3.4 of [GH], we 
have the following fact. 

Lemma 4.4. Let i\ G / and i2,i% G / U {0}. 
(i) For any w k G (-EjJo ( k = ^ 2 ' 3 ^> we have 

{T wl W2,w 3 ) + (w 2 ,F wl w 3 ) = 0, 

(ii) For any Wk G (-E^q (k = 1,2) and any holomorphic isometry fofV preserving M c 
invariantly, we have 

f*T Wl w 2 = T ftW1 f*w 2 . 



In similar to Lemma 3.5 of [GH], we have the following fact. 

Lemma 4.5. Let L be a slice of M c , i$ an element of I U {0} with (-Ej )o C TgL and 
W the complex affine span of L. If u>o G (E io )^, then F™°(L) = L holds for all t G [0, 1] 
and X w ° is tangent to W along W. Furthermore, if L is irreducible and is of rank greater 
than one, then F™°\w = L F™° holds for all t G [0, 1], where L F™° is the one-parameter 
transformation group ofW associated with X w °\w, and hence the homogeneous structure 
of L(c W) at is the restriction ofT. 
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Let v be a (non-focal) parallel normal vector field of M c , rpp : M c — > V the end-point 
map for v (i.e., rfc(u) := exp- 1 ^) (u G M c )) and M~ the parallel submanifold for v (i.e., 
the image of rfc). Denote by V T the homogeneous structure of M~ at rps(0). In similar to 
Lemma 3.6 of [GH], we have the following fact. 

Lemma 4.6. For any w\ G (-E^Jq (ii E I) and any u>2 G (Ei 2 )o fa £ ^ U {0} j; we have 

where we note that TgM c = T^^M- under the parallel translation in V. Also, we have 
{rrs)*w 1 = (1 - {X il ) b {v b ))w 1 . 

Proof. From {r^)^ = id — A% 6 , the second relation follows directly. Since (r/^g maps the 
J-curvature distributions of M c to those of M~, rfc maps the complex curvature spheres 
of M c through to those of M~ through rfo(6). On the other hand, since F™ 1 preserves 
M c inavariantly and its differential at a point of M c induces the parallel translation with 
respect to the normal connection of M c , we have rfc o F™ 1 \-j^ c = F™ 1 o rfc- By using these 

facts and the properties of F™ 1 , we can show that F™ 1 coincides with F^ r,v ^* Wl . From this 
fact, the first relation follows. q.e.d. 

In similar to Proposition 3.8 of [GH], we have the following fact for a principal orbit 
of an aks-representation of complex rank greater than one. 

Lemma 4.7. Let N be a principal orbit of an aks-representaion of complex rank greater 
than one, {ni \ i G 1} the set of all J-curvature normals of N, Ei the J-curvature distribu- 
tion corresponding to n{ and T the homogeneous structure of N at x. If the 2-dimensional 
complex afhne subspace P through ni x ,Ui 2 and ni 3 which does not pass through 0, then, 
for any Wk G (E ik ) x (k = 1, 2, 3), we have 

r wl T W2 w 3 - r^r^tt^ = T^ rwiW2 _ Tw2W1 )ws. 



Proof. Let N be a principal orbit of an aks-representaion of an anti-Kaehler symmetric 
space L c /H c of complex rank greater than one. We use the notations in the proof of 
Lemma 3.7.3. According to the proof of Lemma 3.7.3, for any w G T X N, the holomorphic 
isometry F™ is equal to p(exp LC (tw)), where w is an element of i) c Q^{a v ). Here we take 
a v as x e a v . Hence we have 

(4.1) T w = ad(uJ). 
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By using this fact and imitating the proof of Proposition 3.8 in [GH], we can show the 
desired relation. q.e.d. 



For each i E I, deonte by Wj the complex affine subspace 6+ ((£ , i)g©Span c {(ni)Q}) of 
V. Also, let fi be the focal map having L^*'s (u £ M c ) as fibres, <J>j the normal holonomy 
group of the focal submanifold fi(M c ) at /«(0) and ($i)g the isotropy group of 3>j at 0. 
This group ($i)(j ac ts on 7gM c and has (Ei)§ as an invariant subspace. The irreducible 
decomposition of the action ($1)5 ^ (-E'i)o * s gi ven by the form (E^q = (-E'i)g © (-Ei)gj 
where dimc(-Ei)g is even and dimc^i)- = 0, 1 or 3. Set mi := dimc-Ej. Note that $j is 
orbit equivalent to the aks-representation associated with one of the following irreducible 
complex rank one anti-Kaehler symmetric spaces: 

SO( mi + 2, C)/SO( mi + 1, C), SL(^ + 1, C)/5L(2^tl , C) • C*, 
Sp(^ + l,C)/Sp(l,C) x Sp(*f±,C) 

and that 

j- (Q i = SO(m i + l,C)) 
dimc^Og = { 1 ($i = 5L(2^tl,C) • C,) 

[ 3 (^ = 5p(l,C)x5p(^,C)). 

In similar to Proposition 3.11 of [GH], we have the following fact. 
Lemma 4.8. Let i E I. Then we have 

v {Ei)i( E i)l = °» r (E i y 6 ( E i)l c (£;)' 6 , 

Proof. By using Lemma 4.5 and (4.1), and imitating the proof of Proposition 3.11 in [GH], 
we can show these relations. q.e.d. 

Also, by imitating the proof of Proposition 3.12 in [GH], we have the following fact. 

Lemma 4.9. For i\ £ / and ii £ IU {0} with %2 / i\, we have (T^.^^E^)^, (Ei 2 )^) = 0. 

Also, by imitating the proof of Proposition 3.13 in [GH], we have the following fact. 

Lemma 4.10. Let i± E I and 12,13 £ / U {0}. For Wk £ (-S? fc )o (k = 1, 2, 3), we have 
(V Wl h)(w2,w 3 ) = (T Wl W2,w 3 )((ni 2 )Q - (71,3)5) an(i = Vv,!^ (mod (E^q), where 

V is the connection of the tensor bundle T*M C (g> T*M C (g> T- L M C induced from V and the 
normal connection V x of M c , and t/j2 is a iocaT. section of Ei 2 with (7^2)5 = ^2- 
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Let i\,i2,iz £ I U {0} with 12 ^ 13- Then we define — — by 

^ii — n « 3 J & (when njj — rij 3 = 6(nj 2 — nj 3 ) for some b £ C) 

nj 2 — nj 3 \ (when — nj 3 is not the complex multiple of iii 2 — n-i 3 ) 

For this quantity, we have the following fact. 

Lemmaj4.ll. Let and i% be elements of I. If there exists a complex afRne subspace 
P ofT^M c such that P passes through (njjg, (nj 2 )g and (nj 3 )g but that does not pass 

through 0, then — — is a real number. 

Proof. Assume that there exists a complex affine subspace P of T^M C as in the statement. 
Then ^(c (Wp)g) is a finite dimensional proper anti-Kaehler isoparametric submanifold 
of complex codimension greater than one. Let L? = L? 1 x • • • x L^ k (c (WpJq © ■ ■ ■ © 

(Wp fc )g = (Wp)q) be the irreducible decomposition of L?. Each L? a (c (Wpjg) is of 
complex codimension one or regarded as a principal orbit of the aks-representation as- 
sociated with an irreducible anti-Kaehler symmetric space of complex rank greater than 
one. We consider the case where L? a (c (Wpjg) is regarded as a principal orbit of the 
aks-representation associated with an irreducible anti-Kaehler symmetric space of complex 
rank greater than one. Denote by L c /H c the irreducible anti-Kaehler symmetric space. 
We use the notations in the proof of Lemma 3.7.3. Let L? a = p{H c ) • w, where p is the 

aks-representation and w is the element of G q identified with 0. Let a v be the maximal 
split abelian subspace of vector-type of q containing w and the Cartan subspace of q c 
containing a v . The space is identified with the normal space of T^M C of M c at 0. Let 
A + be the positive root system under some lexicographic ordering of a£. Let a° and X a c 
be as in the proof of Lemma 3.7.3, where a £ A + . The set of all J-principal curvatures of 
L? a is equal to {A a c | a £ A + }. Let n a be the J-curvature normal corresponding to A Q c. 

Since (A Q c)g = — , we have (n a ) w £ a v . Hence we have 

(4.2) Uai ~ n " 3 £ R (y ai ,a 2 ,a 3 £ A+ s.t. a 2 ^ a 3 .) 

On the other hand, T^-L? is decomposed orthogonally as T^-L? = T-j-L? 1 © • • • © T~j~L? k 

and all J-curvature normals of belong to T^L? 1 U • • • U T^L? k . These facts together 
with (4.2) deduces the statement of this lemma. q.e.d. 
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Denote by Wk the (-Efc)Q-component of w G TqM c . In similar to Proposition 3.15 in 
[GH], the following fact directly follows from the first relation in Lemma 4.10 and the 
Codazzi equation (i.e, the symmetricness of V/i). 

Lemma 4.12. Let ii,i2 G I and 13 G IU {0} with is / ii. For any Wk G (-E-j fe )o ft = 1, 2), 
we have 



Also, in simlar to Lemma 3.16 in [GH], we have the following fact. 

Lemma 4.13. (i) Let i\ <E I and 12,13 £ I Li {0}. If (T Wl W2)i 3 / for some w\ G (^1)5 
and u>2 G (E^)^, then (n^Jg, (nj 2 )g and (ni 3 )g are contained in a complex afhne line. 
(ii) Let 11,12,13 G I. The condition (T^ Et ^ d (Ei 2 )^)i 3 / is symmetric in 11,12,13- 

In simlar to Theorem 4.1 in [GH], we have the following fact. 
Lemma 4.14. Y F( E . y(Ei 2 )jj is dense in TqM c and includes Y(^i)d- 

Proof. Set V u := Y ^(E t ) u (Fj) u for each u G M c . Then the correpondence 

u !->■ 2? M (n G M c ) is a possibly non-smooth distribution on M c . According to (ii) of 
Lemma 4.4, X> is invariant under all holomorphic isometries of V preserving M c invariantly. 
By using this fact and imitating the proof of Theorem 4.1 in [GH], we can show the 
statement of ths lemma. q.e.d. 

By using this lemma and imitating the proof of Corollary 4.2 in [GH], we can show 
the following fact in simlar to Corollary 4.2 in [GH]. 

Lemma 4.15. (i) For each i\ G I, we have Y (^CE. )- (-^3)0)11 = 

*2,«36-f s.t. ni 2> ni A ^Span c {ra i:L } 

(/w,),v 

(ii) Y (^{Ei )- (^2)0)0 JS dense in (Eq)^, where "lin. dep." means 

il,i2&I s.t. n; 15 n; 2 : lin. dep. 

"linearly dependent" . 

Notation. In the sequel, for w G (E^q (i G I Li {0}), u; means a local section of Ei with 
U>A = w. 
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For wi G (E h ) d and w 2 G (E i2 ) d (h,i 2 G I Li {0}), define by (V-^K := 

iyw 1 W2) u — ^wi) (^2)u> where u moves over the domain of w\ and w 2 . Denote by R the 

curvature tensor of M c . Let 11,12,13 G I, 14 G I U {0} and Wk G {Ei k )^ {k = 1, ■ ■ ■ ,4). 
According to the Gauss equation, we have 

(4.3) {R(w 1 ,w 2 )w3,W4) = ({w 1 ,w 4 ){w 2 ,w 3 ) - (w 1 ,w 3 ){w2,W4)){n il ,ni 2 ). 
Also, from the definition of V, we have 

{R(W 1 ,W 2 )W 3 ,W4) = {T Wl W 3 ,T W2 W4) - {T W2 W3,T W1 W4) - ((V^^ju^o,-!^) 

(4.4) +w 1 ((V iS2 u%) 6 ,u> 4 > - ((V~ 2 ^ 3 )o> (^^4)5) - (Tw 2 w 3 , (^^4)5) 
-^2(^^3)5,^4) + ((V^u/s^CV^w^q) + (^^3,^^4)5). 

For V' and T, we have the following relations. 

Lemma 4.16. Let h,i 2 ,i 3 G I and i 4 G I U {0}. 

(i) For any Wk G (E ik )^ (k = 1, 2, 3j, we have 

wi(w 2 ,w 3 ) = ((V-^Js, «J 3 ) + (u> 2 , (V-j 153)5). 

(ii) If ii / i 2 , then we have V-^2 = (V^ 102)12 for any to fc G (-EjJo (k = 1, 2). 
(in) For any Wk G {Ei k )^ (k = 1, 2, 3), we have 

(v^((r^ l3 ))). = (rv^^s) . + (r™ 2 (v^ 3 )e) h . 



Proof. The relations in (i) and (ii) are trivial. By using (ii) of Lemma 4.4 and imitating 
the proof of Lemma 5.2 in [GH], we can show the relation in (hi). q.e.d. 

Let i\ G I and i 2 G I U {0}. For w G T^M C , w\ G (^Jq and w 2 G {E i2 )^, we define 
(r ra {yi,ti) 2 ) by 

(4.5) (T w wi,w 2 ) := - ^2(T Wl w 2 , Ht _ Hl2 Wi). 

According to (i) of Lemma 4.4 and Lemma 4.12, this defintion is valid. By using the 
relation in (iii) of Lemma 4.16, we can show the following fact in similar to Theorem 5.7 
in [GH]. 
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Lemma 4.17. Let h,i2,h G I and 24 G / U {0} with 14 / i 3 . For any Wk G {Ei k )o 
(k = 1, ■ ■ ■ ,4), we have 

] - ^r wl w 2 -r W2Wl ) ws^Wi) = -({wi,W4)(w 2 ,w 3 ) - {wi,w 3 ){w2,w i )){n il ,m 2 ). 



By using Lemmas 4.12 and 4.17, we can show the following fact in similar to Corollary 
5.10 in [GH]. 

Lemma 4.18. Let (ii, 22,23) be an element of I 2 x (I U {0}) such that there exits no 
complex afftne line containing (n^g, (nj 2 )g and (n^g, and 14 an element of I. For any 
w k G (Ei k )d (k = l,--- A), we have 

x W4, 

w 3 )+c(T W 3 ). 

Furthemore, if i\ = 24 or the intersection of the complex afhne lines through (n^)^, (ni 4 )g 
and (nj 2 )g, (nj 3 )g contains no J-curvature normal, then we have c = 0. On the other 
hande, if the intersection of the complex afhne lines through (n^Jg, (nj 4 )g and (n^g, (n^g 
contains a J-curvature normal (n^g, then we have 



c = 



1^13 n-i 5 n{ 1 nj iA 



^12 ^3 n il ^5 



By imitating the proof of Corollary 5.11 in [GH], we can show the following fact. 



Lemma 4.19. Let i\,i2, i 3 G / satisfying i 3 / 11,12 and / — „ n * 2 ■ Assume 
that ((r {E . i)6 (E i2 ) 6 ) i4 , F {E . i)6 (E i3 ) 6 ) = for any i 4 G I and (T {E . i)6 (E i2 ) 6 ) i3 = (these 
conditions hold ifT ( £ ii)( . (L\) 6 C {E ) 6 ). Then we have (r (Eii) . (£ i2 ) 6 , r {En)d (E ki ) 6 ) = 0. 

In similar to Corollary 5.13 in [GH], we have the following fact. 

Lemma 4.20. Let ii,t2 G / with i\ / 12- For any Wk G (-Ej fc )o (k = 1,2), we have 

^2 Re ( n ' 2 _ n%3 j 1 1(^^2)13 1 1 2 = ~( n ii, n i2) (w\,wi) \ \w 2 \\ 2 - 
ise(iu{0})\{i l} ^ n ^ J 
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Proof. Let w 2 = (w 2 )- + {w 2 )+ {(w 2 )- £ (T 6 M C )_, (w 2 )+ £ (T 6 M C ) + ). In simiar to 
Corollary 5.13 in [GH], we can show 

E ((r. 1 (^) e ) l3 ,JJ !1 ^(r Wl (^) £ ) J 3> 

(4.6) ise(/u{o})\{ii} 11 i3 

= ^(nh,n i2 ) (wi,wi) ({w 2 ) £ , (w 2 ) £ ), 

where e = — or +. On the other hand, since F t wi 's are holomorphic isometries, r wi 
preserves (TqM c )_ and (TqM c )-|- invariantly, respectively. Hence we have T Wl (w 2 ) e = 
(r TO1 u; 2 ) £ . Also, from the definition of (TM c ) e , we have ((T wi w 2 ) £ )i 3 = ((T Wl w 2 )i 3 ) £ . 
From these relations, we have 

{(T Wl (w 2 ) e ) i3 , ^ ~_ ^ (T Wl (m) £ )i 3 ) = Re ( m > = M (((T Wl w 2 ) t3 ) e , ((F Wl w 2 ) i3 ) e ). 

By summing the (— l)-multiple of (4.6) for e = — and (4.6) for e = +, and using this 
relation, we have 

Re I 1 ||(r wi W2)i 3 || = ^(ni^n^) (wi,wi)\\w 2 \\ . 

. 3 6(M0})\{,} W 

q.e.d. 



By imitating the proof of Proposition 6.1 in [GH], we can show the following fact. 

Lemma 4.21. Assume that W is of type A, D or E. Let i\ and i 2 be elements of I such 
that n^j and nj 2 are linearly independent. 

(i) Ifni 1 and ni 2 are orthogonal, then we have T Wl w 2 = for anywk £ {Ei k )o ft = 1> 2). 

(ii) If njj and nj 2 are not orthogonal, then we have \\T wl w 2 \\ < —\\wi\ \ \ \w 2 \ \ {{n^W for 
anyw k £ (E ik ) 6 (k = 1,2). 

Proof. Let P be the complex affine line in T^~M C through (n^g and (wj 2 )g. Since and 
71^2 are linearly independent, we have ^ P. Hence the slice Lt~ is a finite dimensional 
proper anti-Kaehler isoparametric submanifold (of codimension two in (Wp)q). Hence, 
since W is isomorphic to an affine Weyl group of type A, D or E, the root system (which 
we denote by Ap) of is of type A\ x A\ or A 2 . First we shall show the statement (i). 
Assume that (n^)^ and (n^g are orthogonal. Then Ap is of type A\ x A\ and hence P 
contains no other J-curvature normal. By using this fact and Lemma 4.5, we can show 
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r wl ttJ2 = 5 r mi W2 = for any Wk € (-E^q (k = 1,2), where 6 r is the homogeneous 
structure of L?. Next we shall show the statement (ii). Assume that (n^)^ and (nj 2 ) 
are not orthogonal. Then Ap is of type A2 and hence there exists i$ €. I \ {^1,^2} with 
(™i 3 )o e -f- The set 1^ H 4 2 H 4 3 H SpancKnjJg, (nj 2 )g} consists of the only one point. 
Denote by po this point. Let ei,e2 and e3 be a unit normal vector of 4i>4 2 an d 4 3 > 
respectively. We may assume that = e\ + e2 by replacing some of these vectors to the 

(n- )~ 

(— l)-multiples of them if necessary. Since Tl — \ V° s \ G L , we have (rii, )a = -^l 1 — , 



e 3 



where is the origin of T^~M C . Similarly we have (nj„)A = -=4 2 — - and (nj,)A 

U u (0p ,e2> u (Opo,e 3 ) 

By using these facts, Lemmas 4.9, 4.11 and 4.20, we can show 

||r wi u; 2 || 2 = ||(r wi w 2 ) i3 || 2 < n »i ^ ni3 \( nil ,n i2 ) \ \\wi\\ 2 \\w 2 \\ 2 

I.. m2ii ii2ii 1 1 2 
< — 1 1 1 1 \\wi\\ iFiill • 

Thus we obtain the desired relation. q.e.d. 

In similar to Proposition 6.2 in [GH], we can show the following fact. 
Lemma 4.22. We have 

lir^i^H 

SUp SUp SUp j-j — j-j j— j— ; — j- < OO, 

iei PeHt (w 1 ,w2)e(E i ) d x(D P ) 6 \\m\\\\w2\\\\{ni)Q\\ 

where Hi is the set of all complex afhne subspaces P in T Q M C with ^ P and (nj)g G P. 

Proof. Let W" be the set of all elements P of Hi such that L?(c (Wp)q) is irreducible. 
First we shall show 

( A o \ ||r wi «;2|| 

(4.8) sup sup sup — -j— j- — j- < OO. 

iei pen? 1 {wi,w2)e{Ei) 6 x(Dp) 6 \\ w i\\ \\ w 2\\ ||w)oll 

Fix iq £ I and Po G HfJ- If the complex codimension of L?°(c (Wp )^) is equal to 

one, then we take Pq G % l " such that Po C Pq an d that the complex codimension of 
pi 

L Q °(C (Wp^)g) is greater than one. Then we have 

1 1 IV W2 1 1 

sup 



H,«02)6(£ io )ex(Dp )o H^ill 1 1^2 1 1 ||(ni )ol 

lir^i^H 

< sup 



(w 1 ,w 2 )e(E io ) 6 x{D p ^ () \\wi\\ \\W2\\ \\{n io ) d \ 
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and hence 

\\r wi w 2 \ 



sup sup sup 

iei PaHY (»i,»2)e(£,)ox(fl P ) 6 IHII IKH IKn»)ol 

(4 ' 9) lir^^ll 

sup sup 



{i,pwxnT'- 2 (toi,to2)e(Bi) a x(Up) e \m\\ \\m\ \\yjHh\\ 

where H 1 * 1 '- 2 is the set of all elements P's of W™ such that the complex codimension of 
L?(c (Wp)g) is greater than one. Fix i x G I and P x G H-"'" 2 . Let i x = Set 
-^81 := j) I j G Z}. By using Lemma 4.5, we can show 

ll r i»l^2|| 

SU P Ti iTTi iTTT? m < °°- 

(« J i,« J2 )e(B n ) a x(Dp 1 ) a ll^ill l|w 2 || IKniJoll 

Take any j G Z. For each P G there exists P' G ^ such that (Wp)g and 

(Wp')q are identified and that (c (Wp')g) is regarded as a parallel submanifold of 
L?(c (Wp)g) under the identification. Even if P and P' are interchanged, this statement 
holds. Hence, by using Lemma 4.6, we can show 

l|r wi u> 2 || 

SUP SUP j, 1-|| j-j-j-j-r \ IT 

Pen (Lf) ( wl '» 2 ) 6 (%i,fl)6 x ^)o I'™ 2 " I' 

\\F Wl W 2 \\ 

- sup sup 



Pett$™ (w 1 ,w2)e(E il ) x(D P ) () \\wi\\\\w 2 \\ IKniJell 
and hence 

\\r wi w 2 \\ 

sup sup sup — -j— j- — — - 

ie i PeH irr ( Wl , W2)e (Ei) b x{D P y \\wi\\ \\w 2 \\ IIKJoll 

ll r »l^2|| 

= SUp SUp SUp j j-j—j jj-j— ; -— 7 < OO. 

/?e(A 6 ) + Pe«™ 0) (»i,»2)£(%,o))ix(Dp) s ll^ill ll^2|| ||(n(^,o))oll 



Thus we obtain (4.8). 
For simplicity, set 



n 11^1^2 1 

C := sup sup sup 



iei p e n? r (m,w 2 )e(E,) 6 x(D P ) 6 \\m\\\\w2\\\\{ni) 6 \\ 

Fix io€l and P G U io \U™ '. Let L Q P ° = L x x • • • x Lfc be the irreducible decomposition of 
L^ P ° . Take any zi,«2 G ^ with (n^g, (nj 2 )g G Pq. If (Wu)o an d (^2)0 are no * orthogonal, 
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n 



12)0 



then (E^q © (-Ei 2 )o C IgL a for some a G {1, • • • , A;}. Hence we have 

su p m — rm — mttt — nr - c - 

(«;i, tt ; 2 )e(E il ) e x(£; i2 ) a ll^lll II^H IK^Joll 

If (rij^Q and (ni 2 ) are orthogonal, then the complex affine line through (n^)^ and 
contain no other J-curvature normal. Hence we have T(g ^ (-Ej 2 )o = 0- Therefore, we 
obtain 

||r wi «7 2 || r , 

sup sup sup — — — — — - = L. 

iei Pem («; 1 , TO2 )e(£ i ) 6 x(D P ) a \\m\\ \\w2W IIKJoll 

Thus we obtain the desired relation. q.e.d. 

In similar to Proposition 6.3 in [GH], we can show the following fact by using this 
lemma. 

Lemma 4.23. Let io = (A), jo) £ I an d w £ (Ei )^. Then T w can be extended con- 
tinuously to TqM c if and only if the restriction of T w to © (E(j3 ,j))d can oe extended 

j<=Z 

continuously to © (E^ j))q- 

Proof. Set V := (E )r, Vi := © (EAr and V 2 := © (E (g . ,-Oa. Clearly we have 

T 6 M C = Vb e © V 2 . Since T w is a closed operator and (Eq)q is contained in the domain 
of T w and closed in the domain, L^l^). is a closed operator. Hence, according to the 
closed graph theorem, L^l^). is continuous. Easily we can show 

V 1 = ®( © (E l )A, 

l \ieI\{io} s.t. (ni) 6 el J 

where I runs over the set of all complex affine lines in T^M C \ {0} through (rij ) . For 
simplicity, set 

V h i := © {Ei) 6 . 

i&i\{to} s.t. (n»)ge; 

For each I, Ll(c (Wj) 6 ) is a proper anti-Kaehler isoparametric submanifold of complex 

codimension two whose tangent space at contains (-Ej ) . Hence, according to Lemma 
4.22, we have 

ll r «^'ll ^ n 

sup M /M < C||ra io || \\w% 

w'&V^i \\ w II 
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where C is the positive constant as in the proof of Lemma 4.20, and hence 

lirwi 



sup 

w'eVi \\ w ' 



< C\\n io \\ \\w\\. 



Therefore the restriction of T w to V\ can be extended continuously to V\. Prom these 
facts, the statement of this lemma follows. q.e.d. 

According to Lemma 6.4 in [GH], we have the following fact. 

Lemma 4.24. Let W be a Hilbert space, W = © Wi the orthogonal decomposition ofW 

and f a linear map from © Wi to W. Assume that there exists a positive constant C such 

that \\f{w)\\ < C\\w\\ for all w € U Wi and that there exist injective maps fii : Z — > Z 

(i = 1, ■ ■ ■ ,r) such that (/(Wi), f(Wj)} = for any j £ ■■■ , ^r(i)}- Then we have 

< \frC and hence f can be extended continuously to W. 



Since 

\f3,j) = ( A (/3,j))o 1 W 

we have 
(4.10) 

where rp is given by 

rp :-- 



{ (/3 c )- 1 (/3(^)+i7ri) 



mr = 0) 



03«)-^(Z) + (j + -)7rt) ((/^) + = 0) 

o^r W) + ^) m) + + & / 0), 



n 



- n 



n 



7T 



2vr 



I 20(Z) 



+ 7T1 



J2-J3 1+Ji^i' 



mr = 0) 

((^) + = 0) 

mr * & mr * 0). 



By using (4.10) and Lemma 4.20, we can show the following fact in similar to Proposition 
6.5 in [GH]. 
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Lemma 4.25. Let (3 G (Af,) + and ji,j 2 G Z. For any G (E^j^)q and any w 2 G 
(%j 2 ))6> we have 

iez\{i!} J Jl 

= 1 -(Re( 1 -±^)Y 1 Rcf- ^ -) {n f/2 } (wiM) IKH 2 - 



All of reduced irreducible affine root systems of rank greater than one are those of the 
following types: 

(A m ) (m > 2), (B m ) (m > 3), (|« ) (m > 3),_ (C m )Jm >2), (C« ) (rn> 2), 
(C' m )(m>2), (D m )(m>A), (E 6 ), (E 7 ), (E 8 ), (F 4 ), (i?), (G 2 ), (G£) 

See [GH] about the definition of the reduced irreducible affine root system of each type. 
All of non-reduced irreducible affine root systems of rank greater than one are those of 
the following types: 

(5 m ,5«) (m>3), (C^C'J, (m>3l, (C' m ,C m ), (m > 3), 
{C" m ,C m ), (m>3), (C 2 ,C|). 

See [GH] about the definition of the non-reduced irreducible affine root system of each 
type. In similar to Lemma 8.1 in [GH], we can show the following fact. 

Lemma 4.26. Let P be a complex affine line through such that P = Span^n^} for 
some (3 G (A b ) + . 

(i) If the affine root system 1Z is of type (A m ) (m > 2), (D m ) (m > A), (E m ) (m = 
6,7,8) or (F4), then there exists a (complex) 2-dimensional complex affine subspace P' 
through containing P such that the affine root system associated with L? (c (Wp/)g) is 

of type (A 2 ). 

(ii) If the affine root system 1Z is of type (B m ), (B^) or (B m , B'^) (m > 2), then there 
exists a (complex) 2-dimensional complex affine subspace P' through containing P such 
that the affine root system associated with L? (c (Wp')q) is of type "(A2) or (C 2 )", "(A 2 ) 

or {&%)" or "(A 2 ) or (C 2 ,C^)", respectively 

_ (in) If the affinejoot system K is of type (C m ), (C v m ), (C'J, (C v m ,C' m ), (C' m ,C m ), 
(C^j,C m ) or (C m ,C^j) (m > 2), then there exists a (complex) 2-dimensional complex 
affine subspace P' through containing P such that the affine root system associated 
with Lf'(c (Wp/) 6 ) is of type "(A 2 ) or (C 2 )», "(A 2 ) orJC v 2 )"r(Aj) or (C' 2 )", " (A 2 ) or 

(C V 2 ,C 2 )", "(A 2 ) or (C' 2 ,C 2 )", "(A 2 ) or (C|,C 2 )" or »(A 2 ) or (C 2 ,C|)", respectively 
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Proof. We shall show the statement (i) by imitating the discussion in the proof of (i) 
of Lemma 8.1 in [GH]. Let n(c (Af,)+) be a simple root system of A&. Without loss of 
generality, we may assume that fio is one of the elements of II. Since 1Z is of (A m ) (m > 2), 
(D m ) ( m > 4), (E m ) (m = 6,7,8) or (F4), it follows from their Dynkin diagrams that 
there exists j3i G II such that the angle between np Q and np l is equal to 3p Let P'(c b c ) 
be the complex affine line through («(/3 ,o))o an d ( ri (/3i,o))o an d se ^ P' := Span c {na , n^}. 
It is clear that P' C P'. Then it is shown that the root system associated with L?' is of 

type (^2) and hence the affine root system associated with L?' is of type (^2)- 

Next we shall show the statement (ii) by imitating the discussion in the first-half part 
of the proof of (ii) of Lemma 8.1 in [GH]. Since A& is of type (B m ), the positive root 
system (A&)+ is described as 

(A 6 )+ = {6 a |1 < a < m] U {6 a ± b |1 < a < b < m} 

for an orthonormal base #1, • • • ,9 m of the dual space b* of b, the simple root system II is 
equal to {6i — | 1 < i < n — 1} U {6 n } and the highest root is equal to 61 + 62, where 
we need to replace the inner product ( , }|bxb to its suitable constant-multiple. Without 
loss of generality, we may assume that (3q is one of the elements of II. In the case where 
f3o is other than 6 n , there exists (5\ £ II such that the angle between np and is equal 
to Set P' := Sp&rL c {np , n^}. Then it is shown that the affine root system associated 
with L? is of type (^2)- In the case where (5q is equal to 6 n , we can take /3± G II such 
that the angle between np and is equal to Let P'(c b c ) be the complex affine line 
through (nm 0: o))o an< ^ ( n (/3i,o))o' an< ^ se ^ P' := Span c {ng , n^}. Then it is shown that, 
in correspondence to W is of type (B m ), (B m ) or (B m ,B m ) (m > 2), the root system 
associated with L? is of type (C2), (C|) or (C2,C%) (m > 2) and hence the affine root 

system associated with L? is of type (C2), (C|) or (C2,C|) (m > 2). 

Next we shall show the statement (iii) by imitating the discussion in the second-half 
part of the proof of (ii) of Lemma 8.1 in [GH]. Since Af, is of type (C m ), the positive root 
system (Af,)+ is described as 

(A 6 )+ = {26 a |1 < a < m} U {6 a ± 6 b |1 < a < b < m] 

for an orthonormal base 6±, ■ ■ ■ ,9 m of the dual space b*, the simple root system n is 
equal to {6i — 9i + \ |l<i<n — 1} U {26 n } and the highest root is equal to 26\, where 
we need to replace the inner product ( , }|t, X b to its suitable constant-multiple. With- 
out loss of generality, we may assume that f3o is one of the elements of n. In the 
case where (3$ is other than 29 n , there exists /3i £ (A(,)+ such that the angle between 
np and is equal to Set P' := Sp&n c {np , n^}. Then it is shown that the 

affine root system associated with L?' is of type (-A2). In the case where /3q is equal 
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to 29 n , we can take f3\ G (Af,)+ such that the angle between ng and np 1 is equal to 
Set P' := Span c {np , n^}. Then it is shown that, in correspondence to W is of 
type (C m ), (C^), (<5^,Cjj, {C' m ,C m ),{C^,C m ) or (Cm,Cjy (m^> 2), the^affine 

root system associated with if is of type (C 2 ), (C|), (C 2 ), (Cf,C 2 ), (C 2 ,C 2 ), (C|,C 2 ) 
or (C 2 ,C£) (m > 2). q.e.d. 

In similar to Lemma 8.2 in [GH], we can show the following fact. 

Lemma 4.27. If the afRne root system 1Z is of type (G 2 ), then I 1 ^ ) (E^g = for any 
i\,%2 G / with (ra^n^) = 0. 

Proof. Let = (ftkijk) {k = 1,2). Let P be the complex affine line through (n^)^ 
and (^ 2 )q- If there does not exist further is £ I with (ni 3 )g G P, then the root system 
associated with the slice L? is of type (A\ x A\). Hence we have r(_B n ) a (-^2)0 = 0- 
Otherwise, it is shown that {z G / 1 (n^g £ P} consists of exactly six elements because At, 
is of type (G 2 ). The root system Ap associated with the slice L^{C (Wp)q) is of type 
(G 2 ). The slice L? is regarded as a principal orbit of the isotropy action of an anti-Kaehler 
symmetric space Gp/Kp whose root system is of type (G 2 ). Let gp = tp + pp be the 
canonical decomposition of the Lie algebra gp of Gp associated with the symmetric pair 
(Gp,Kp). The space pp is identified with (Wp)q and the normal space of L^{C (Hp)q) 
at is identified with a maximal abelian subpace bp of pp. Denote by (pp) a (c pp) and 
(tp)a(c tp) be the root spaces for a G Ap. Let at {k = 1, 2) be the elements of Ap such 
that (pp) Qfe is identified with (Pj fe )g. For any u>fc G (Ei k )§ = 1,2), we have 

~^wi w 2 G [(tp)^, (Pp)q2] (P p)ai+«2 + (P^>) Ql — «2 ' 

Since «i and a 2 are orthogonal and Ap is type (G 2 ), we have ai ± a 2 ^ Ap. Hence we 
have T W1 W2 = 0. Therefore we have ) (Pj 2 )o = ^- This completes the proof. 

q.e.d. 

We need the following lemma in Euclidean plane geometry, which is stated in [GH] 
(Lemma 8.3). 

Lemma 4.28. Let (k = 1,2,3) be mutually distinct parallel lines in the plane M?, 
Xk G Ik (k = 1, 2, 3) and 4ifc 2 the ^ ne through x^ x and Xk 2 - 

(i) If the angles between l\ and kj 's (1 < i < j < 3 ) are equal to multiples of | other 
than ^, then xi,x 2 ,X3 lie in a line. 
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(ii) If the angles between l\ and kj 's (1 < i < j < 3) are equal to multiples of \, then 
x\,x 2 ,x% lie in a line or one of h,h,h, say I2, lies in the half way distant between the 
other two. In the later case, /13 is orthogonal to l\ . 

By using Lemmas 4.8, 4.9, 4.13, 4.14, 4.17, 4.26, 4.27 and 4.28, and imitating the proof 
of Theorem 8.4 in [GH], we can show the following fact. 

Lemma 4.29. If TZ is of type (A m ) (m > 2), (D m ) (m > 4), (E 6 ), (E 7 ), (Eg), (F 4 ) or 
(G 2 ), then we have T^ ^). (£ (( g j2) ) Q C (£ )q f or any (3 G (A b )+ and any j u j 2 G Z. 

Proof. According to Lemma 4.26, we may assume that TZ is of type (^2) or (G2). Further- 
more, according to Lemma 4.8, we may assume that j\ 7^ j 2 . Set := ((3,jk) (k = 1,2). 
Suppose that (T^ E .^ 6 (E i2 )^) i3 / {0} for some i 3 G I. Take w k G (E ik ) & (k = 1,2) 
with (T Wl w 2 )i 3 / 0. Let P := Span c {(ni 1 )^}. Since is totally geodesic, we have 
(^3)0 e Hence 13 is expressed as 13 = j'3) in terms of some j'3 G Z. According to 
Lemmas 4.8 and 4.9, we have j'3 7^ ji,j 2 - According to Lemma 4.14, there exists 14, i§ G / 
such that (rii^Q and (nj 6 )g are C-linearly independent and that ((T Wl w 2 )i 3 , T W4 wz,) 7^ 
for some W4 G {E^)^ and some G (E,^)^. Since {(T wl w 2 )i 3 ,T Wi W5) / 0, we have 
(Xw A Wb)i 3 7^ 0. Hence it follows from Lemma 4.13 that (w^q, (rii^^ and (rii^)^ are con- 
tained in a complex line/. Since the intersection of I and P is at most one point, we have 
(T Wl w 2 ,T W3 w A ) = ({T Wl w 2 )i 3 ,T W3 W4) / and no three of {n h )) 6 , (n i2 )g, (n; 4 ) 6 and (n; 5 ) Q 
are contained in a complex affine line. Hence, it follows from Lemma 4.18 that 

<(r 

W4) + c(r W4), 

where c is as in Lemma 4.18. Hence we have {T W5 w 2 ,T wl W4 : ) 7^ or (T Wl w^,T W2 w 4 ) 7^ 0. 
According to Lemma 4.13, this fact implies that the intersection of the complex affine lines 
through (nj 2 )Q, (ra^g and (n^g, (nj 4 )g contains (nj 6 )g for some i§ G / or the intersection 
of the complex affine lines through (n^)^, (n^Q and (n^g, (n^g contains (n^g for some 
i§ G /. The analysis is completely similar in both cases. So we consider the first case. 
Then, since (n^)^, (raj 2 )o and (n^g are C-linearly dependent pairwisely, the complex focal 
hyperplanes 4i , k 2 and k 3 are niutually parallel. Note that they are complex lines because 
we assume that TZ is of type (A 2 ) or (G 2 ). Hence the lines and (in b) are mutually 

parallel. Also, since (^13)5,(^14)5 and ( n «s)5 are contained in a complex line which does 
not pass 0, we have 4 3) k 4 and 4 5 have a common point. Hence the lines l^, and 
have a common point. Denote by ^345 this common point. Similarly, since (nj 2 )g, (71^)5 
and (nj 6 )Q are contained in a complex line which does not pass 0, we have 4 2J 4 5 and 4 6 
have a common point. Hence the lines and ^ have a common point. Denote by 

P256 this common point. Also, since (n^)^, (^ 4 )q and (nj 6 )g are contained in a complex 
line which does not pass 0, 4u 4 4 and 4 6 have a common point. Hence the lines l^, and 
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have a common point. Denote by p±4Q this common point. These three intersection 
points ^345,^256 an d Pi46 he in no line in b because of 24 7^ 25. On the other hand, since 7£ 
is of type (A 2 ) or (G2), it follows from Lemmas 4.13 and 4.27 that the angle between any 
two of if}; (k = 1, ■ ■ • , 6) is equal to a multiple of | other than |. Hence, it follows from 
(i) of Lemma 4.28 that ^345,^256 an d Pue ne i n a nn e in b. Thus a contradiction arises. 
Therefore we obtain (T {Eii)() (E i2 ) 6 )i = {0} for all i G J, that is, r^.j.^Jg C (E ) d . 

q.e.d. 

From Lemmas 4.20, 4.24 and 4.29, we have the following fact . 

Proposition 4.30. If 1Z is one of the following types: 

(A m )(m>2), (5 m )(m>4), (E 6 ), (E 7 ), (E 8 ), (F 4 ), (G 2 ), (G^), 

then T w is bounded for any u> G U i% . 

ieJ 



Proof. Let /3 G (A&)+ and ji, j'2 £ Z. Set i& := {P,jk) {k = 1,2). From Lemmas 4.20 and 
4.29, we have 



n ix - 
n i2 - 



) (wi,wi) \\w 2 \ 



for any Wk G {Ei k )d (k = 1,2). Clearly we have 



sup 



Re 



nil ~ 



n 



i0,j) 



) K' n 08j)) 



< 00. 



Denote by C this supremum. Then we have 



1 1 iv w 2 1 1 < y — infill \\w2\\. 

Hence, it follows from the arbitrarinesses of w 2 and j 2 that 

rc 



|r rt)1 w|| < 



\Wl\\ \\w\ 



for any w G U^E^j^. On the other hand, since T^.^E^j^ C (£0)5 (j € Z) by 
Lemma 4.29, it follows from Lemma 4.19 that 

( r (^i) 6 (%,j))6' r (s n )o(%,i')o) = 
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for any f G Z satisfying / / ji,j, 2ji — j- Therefore, by using Lemma 4.24, we can show- 
that 

llr „ , /3C 

||r wi «;|| < w —|||wi|| IMI 

for any w G © (Erpj\)^. Thus the restriction r u , 1 to © {Er^ j\)^ is bounded. Therefore, 
according to Lemma 4.23, r wi is bounded. q.e.d. 

From Lemmas 4.13, 4.14, 4.18 4.24, 4.26, 4.28 and 4.29, we have the following fact in 
similar to Theorem 8.6 of [GH]. 

Lemma 4.31. For any (3 G (Aj,)+ and any ji,j2 G Z, we have 

r (%,ii))6(- E7 08j2))6 C ( E 0)o © (%,2ji-j 2 ))o © (%,2j 2 -ii))o © (^ (( 3,a+22))6' 

where the last term is omitted in the case where j\ + j 2 is odd. 

Proof. For simplicity, set i& := (f3,jk) (k = 1, 2). According to (ii),(iii) of Lemma 4.26 and 
Proposition 4-29, we may assume that (K) is of type (C 2 ), (C%), (C' 2 ), (C%,C' 2 ), (C' 2 , C 2 ), 
(C 2 ,C 2 ) or (C 2 , C 2 ). Let P := Span c {ng}. Since L? is totally geodesic, we have 



T (E ( p, jl) )o( E ((3j2))d C (^o)o© ( .| z (%,j))o 

Suppose that (^^2)^) 7^ for some iWfc G (-Ej fc )g = 1)2) and some j'3 G Z. Set 
«3 := (/?, j'3). Then we have j'3 7^ Ji,j2 automatically. According to Lemma 4.14, there 
exist i k = (I3 k ,j k ) (k = 4,5) such that ((T Wl w 2 )i 3 ,T Wi w 5 ) / for some w k G (£%)o 
(k = 4,5). As in the proof of Proposition 4.28, we can show {T W5 w 2 ,T wl W4) 7= or 
{T Wl W5, T W2 W4) 7= in terms of Lemmas 4.13 and 4.18. According to Lemma 4.13, this fact 
implies that the intersection of the complex lines through (rij 2 )g, (^15)5 an d ( n n)o> ( n M)o 
contains (nj 6 )g for some ^ G / or the intersection of the complex lines through (n^Jg, (nj 5 )g 
and (^j 2 )q, (Wj 4 )q contains (wi 6 )q for some ^ G /. The analysis is completely similar in 
both cases. So we consider the first case. Then, as in the proof of Proposition 4.29, we 
can show that l^, are mutually parallel, have the common point (which 

we denote by P345), l^, l^, have the common point (which we denote by P25e) and that 
have the common point (which we denote by pue). These three intersection 
points J>345,£>256 an d P146 are lie in no line in b because of 24 7= i§. Hence, it follows from (ii) 
of Lemma 4.28 that one of $ lies in the half way distant between the other two, that 

is, one of j\ , j 2 , J3 is equal to the half of the sum of the other two (i.e. , j'3 = n \ 32 , 2 ji — j 2 
or 2j 2 — ji)- Thus we obtain the desired relation. q.e.d. 
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From this proposition and Lemmas 4.19 and 4.24, we can show the following fact in 
similar to Corollary 8.7 of [GH]. 



Lemma 4.32. Let (3 G (A b ) + and jt € Z (k = 1,2, 3) with ji / 32. Then we have 
( T ^ {PM )- { E ^h))v r (E w ,, l) ) fi (%j 3 ))6) = if h is not one of 

4j2-3ji, 2j 2 -Ji, J2, — ^ — , : , > 2ji-j 2 , 3ji - 2j 2 - 



Proof. For simplicity, set := ((3,jk) = 1)2,3). According to Lemmas 4.8, 4.9 and 
(i) of Lemma 4.4, we may asuume that js ^ j\. The condition ^ 7^ — ra n _ ra ' 2 in Lemma 
4.19 is equivalent to j'3 / 2ji — j'2. From the assumption for j'3, we have 

{2ji - J 2 , 2j2 - h, n {2j! - J3 , 2j 3 - Ji, = - 

Hence it follows from Proposition 4.32 that ((r^ ) (Ei 2 )^)i, ) (Ei 3 )^) = for any 
i €. I. Also, since j'3 / 2ji — 32,^32 — ji, n % 32 , it follows from Lemma 4.31 that 
(7(E il ) fi (-Sj 2 )o)i3 = 0- Therefore, it follows from Lemma 4.19 that 

( r (E n ) a (4)o. r (En)o (^3)0) = 0. 

q.e.d. 



Let P be a complex affine line in M c containig exactly four J-curvature normals 
( n «fe)o = lj ■ " " >4) at 0. Then the root system (which we denote by Ap) of the slice L^" 
is of type (B2) or (-BC2). The root system Ap is given by 

{icfcdfc I fc = 1, • • • ,4} (C Span R {c fc d fc | k = 1, • • • ,4}) 

or 

{icfcdfc I fc = 1, • • • , 4} U {±2c k a k \ k = 1, 2} (c Span R {c fc d fc | fe = 1, • • • ,4}), 

where Cfc's (/c = 1, • • • ,4) are complex constants and a k is defined by = ((fii fe )o' ")■ 

For simplicity, set := Cfcd& {k = 1, ■ ■ ■ ,4). Here we may assume that 0:1,012 are short 
roots and that 03,04 are long roots by permutating the indices if necessary. If Ap is 
of type (-B2), then E^, - ■ ■ E^ are irreducible, and if it is of type (BC2), then Ei 1 ,Ei 2 
are reducible and Ei 3 ,Ei 4 are irreducible. In similar to Lemma 8.8 in [GH], we have the 
following lemma. 
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Lemma 4.33. Let P be as above. 

(i) If A P is of type (B 2 ), then we have T^p.^^E^)^ = 0. 

(ii) If A P is of type (BC 2 ), then we have (r^ E .^ 6 (E u ) 6 )^ E .^ = (k = 1,2). 

(iii) If A P is of type (BC 2 ), then we have T^y^E^ = Y ^.^{E^ = 0. 

Proof. Since the slice L? is homogeneous, it is regarded as a principal orbit of the isotropy 
action of an anti-Kaehler symmetric space Gp/Kp whose root system is of type (B 2 ) 
or (BD 2 ). We use the same notations as in the proof of Lemma 4.27. For the bracket 
product, we have 

[(t P ) as , (p P ) a4 \ = [(epU,(P c p)a 3 ] = ((B 2 )-case) 

[{tp) a3 , (pp) a4 ] = [(ep)o4, (Pp)cJ C (pp) 2ai + (pp) 2a2 ((5C 2 )-case) 

[($)2 Q1 , (PpU + (Ppha 2 ] = m)2a 2 ,(PpU + (PpW] = ((BC 2 )-case). 

From (4.1) and these relations, we obtain the statements (i) ~ (iii). q.e.d. 

By using Lemmas 4.13, 4.26, 4.28, 4.29, 4.31 and 4.33, we can show the following fact 
in similar to Theorem 8.12 and Proposition 8.13 in [GH] (see the proofs of Proposition 
8.10, Theorem 8.12 and Proposition 8.13 in detail). 

Proposition 4.34. (i) If E^j 1 ) is irreducible and if j\ —j 2 is divisible by 4 or the afhne root 
system 1Z associated with M c is not of type C n (n > 2 ), then we have Y( E . ) (E(p,j 2 ))d C 
(^o)o- 

(ii) If E(p dl) is irreducible and if ji - j 2 is even, then we have r^.^^E^^y)^ C 

(^o)o © (^ /i+J2 ))n- 

(iii) If Effij!) is reducible and if j\ — j 2 is even (ji / j 2 ), then we have 

Furthermore, if ji — j 2 is divisible by 4, then E,„ j- L +j 2 ) is reducible and the [E' n+J2 )a- 
component of each element of T^^^ j 2 ))q vanishes. 

For /3 G (A{,) + , we set 



Cp := sup 



Re I 1+ ^y V xRe^ 1 



l+jrp\J " \(1 + jrpi)(l + j'rpi) 



Clearly we have Cp < oo. By using Lemmas 4.25 and 4.31, we can show the following 
fact in similar to Proposition 9.1 in [GH]. 



54 



Proposition 4.35. Let ik = (P,jk) (k = 1,2) and Wk G (Ei k )o (k = 1>2). If ji — 32 is not 
divisible by 2 m for some integer m> 1, then we have 



Proof. From Lemmas 4.25 and 4.31, we have 



2||(r TOl W/2)(/3,2j 1 -j 2 )|| 2 + 2 11(^1^2) (/3,2.j 2 -.n) I 

-\\(^wiW2) ( o J1+J2 JI 2 + ll(r wl w 2 )oll 2 



1 

< - 
~ 2 



Re 



'(0, 
1 + hrpj- 
1 + jirpi 



-1 



x Re 



(1 + jirpi)(l + j 2 rp\) 



\ n p\ 



2 



1 1 12 1 1 1 12 
\ W l\\ \\ W 2\\ ■ 



By multiplying 2 to both sides and adding 3\\(T Wl w 2 ) (R Jl +j 2 J| to both sides, we obtain 



< 



Re 



1 + 32rpi 



x Re 



(1 + jir^i)(l + j 2 rpi) 



(4.11) 



1 + j\rpi 



We use the induction on m. In case of m = 1, the statement of this proposition is derived 
from (4.11) directly. Now we assume that the statement of this proposition holds for 
m(> 1) and that ji — 32 is not divisible by 2 m+1 . Set w := (T W1 W2) (R h+h y Since F^'s 

are holomorphic isometries, T W1 preserves (TgM c )_ and (TqM c ) + invariantly, respectively. 
Hence we have r wi ((w 2 ) £ ) = (r w , 1 w 2 ) e (e = — or +). Also, it follows from the definitions 
of (T Q M C ) £ (e = - or +) that ((r wi w 2 ) £ )^ n+i2 - ) = ((IV ^2)^21+22 ))e (e = - or +). 
From (i) of Lemma 4.4 and these relations, we have 

((r w , 1 W 2 )e,U' e ) = (r wi W 2 ,W £ ) = -({w2) £ ,{Yw 1 w)e}- 

Hence we have 

(4.12) (r wi w 2 ,w)± = -(w 2 ,T Wl w}±. 
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From (4.11) and (4.12), we have 

ll(r wi w 2 )^ n+32 ^\\ 2 = (r wi w2,w}± = -(w 2 ,r wi w}± < \\w 2 \\ \\f w1 w\ 



m—l 



< 2 

< 2 
that is 



Re 



1 + ^rpi 
1 + jirpi 



-l 



Re 



(l + j ir/3 i)(l + ^^i) 



\P(Z)\ 



\P(Z)\ 



\Wl\\ \\W2\\ \\W\\, 



\Wl\\ \\W2\\ \\W\\, 



ll(r,™ 2 ) wa « 1) ||<2»-'c s iM I 



\ w l\\ \\ w 2\ 



From this inequality and (4.10), we obtain 



\r Wl w 2 \\ <2 m c$ 



\Wi\\ \\W2 • 



Thus the statement of this proposition holds for m + 1. Therefore the statement of this 
proposition is true for all m G Z. q.e.d. 

By using Lemmas 4.12, 4.22, 4.24, 4.32, 4.34 and 4.35, we shall prove Theorem 4.3. 

Proof of Theorem 4-3. Let i = (/?, j) G I and w G (-Ei)o- We suffice to show that T w is 
bounded in order to show that X w is defined on the whole of V. First we shall show that, 
in the case where f is an integer with f / j such that f — j is devided by 4, there exists 
a positive constant Cp depending on only f3 such that 



(4.13) 



ii(r«u/; 



IMI 



(A^) 11 - 2 ^ |/3(Z)| 



w w 



holds for any w' G (E/^ji\)^. If i£j is irreducible or is reducible and w G {E")^\ then 
the left-hand side of (4.13) vanishes by (i) and (iii) of Proposition 4.34. In the sequel, 
we consider the case where Ei is reducible and where w G (-E^o - := := 

(/3, ^-) and u/' := (r w ti/)j//. According to (iii) of Proposition 4.34, we have w/' G (E"„)^. 
In similar to (4.12), we have 



(4.14) 



(r^W^i = -(u/,r„V) ± . 
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From this relation, Lemmas 4.12, (iii) of Proposition 4.34 and (4.14), we have 

IKr^'VH 2 = (r w w',w")± = -(w',(r w w") i ,)± < \\w'\\ HOW)* 1 1 





- n v \ 


Kef" 1 






- n v ) 



< 2 



Re 



n,-» — nil 



\w'\\ \\(r w iiw)ii\ 



Re 



JMI /,,„ //, 

x I to \\w \\\\w 



1 + jrpi 



Re 



that is, 



||(r w w')i"ll < 2 



Re 



Re 



n,- - mi 



nin — nil 



Re 



1 + jrpi 



,1 + 



(I + ^t^XI+jV), 
On the other hand, from (4.10), we have 



IMI , 

w\ \ \ \w \ 



Re 



ni - nil 



nin — nil 



Re 



2 + (j+j')rpi 
1 + jrpi 



Hence we have 



H(rvA"ll <2 



Re 



Re 



2 + (j + j') rp i 
I + jrpi 



Re 



(l + ^l^i)(l+ir J gi) / 



1 + jrpi 
1 + 

M i 



w\\ \\w 



Easily we can show 

f2+{j+j')rpi 



sup 



Rc 



Re 



1 + jrpi 



Re 



(l + l^rpi)(l+jrpi) 



< oo. 



Denote by Cp this supremum. For this constant Cp, the inequality (4.13) holds. From 
this fact, Lemmas 4.22, 4.24, 4.32, 4.34 and 4.35, it follows that there exists a positive 
constant Cp depending on only f3 such that 



\T w w'\\ < Cp\\ 



w\\ \\w 
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for any w 1 G (Eo)~~- Assume that w' G (-E'o)o- Then, since T w w' G (-E'o)g by Lemma 4.9, 
we have we can find a sequence {w'£} in © (-^)q with lim w'l = T w w' (with respect to 

|| • ||). Then we have 

||r w w'|| 2 = lim (r w w',w'l)± = - lim (w' ,T w w'l)± 

k — ^oo fc^oo 

< lim \\w'\\ llr^u^'H < C^Htfll \\w'\\ \\T w w'\\, 

that is, 

lir^tf'H < C/3 1 1 ^ 1 1 llw'll) 

where Cp is as above. Thus T w is bounded. Therefore, X w ° is defined on the whole of V. 

q.e.d. 

5 Proof of Theorem A 

In this section, we shall prove Theorem A. Let M(^->- G/K) be as in Theorem A and 
M c the (complete extrinsic) complexification of M. Set M c := 7r _1 (M c ) and M c := 
(7To^)) _1 (M c ), where <p is the parallel transport map for G° and tt is the natural projection 
of G c onto G c /K c . Without loss of generality, we may assume that K c is connected and 
that G c is simply connected. Hence_both M c and M c are connected. Also, without loss 
of generality, we may assume G M c and hence e G M c . In the previous section, set 
V := H°([0, l],g c ), (,):=(, )^ and (, )± :=( , )^ fl0iC for simplicity. Also, denote by 

1 1 • 1 1 the norm associated with ( , )± . U. Christ [Ch] proved that a full irreducible equifocal 
submanifold of codimension greater than one in a simply connected symmetric space of 
compact type is homogeneous in terms of the Heintze-Liu's homogeneity theorem for full 
irreducible isoparametric submanifolds of codimension greater than one in a Hilbert space. 
By imitating his proof, we shall first prove the following homogeneity theorem in terms of 
Theorems 3.2 and 4.3. 



Theorem 5.1. The submanifold M is homogeneous. 



First we shall prepare some lemmas to prove this theorem. Denote by Ih(V) the group 
of all holomorphic isometries of V, K, h the Lie algebra of all holomorphic Killing fields on 
V and /C~ c the Lie subalgebra of K, h consisting of elements of K, h which are tangent to M c 

along M c . Also, denote by Oak{V) be the Lie algebra of all continuous skew-symmetric 
complex linear maps from V to oneself. Any X G K. h is described as X u = Au + b (« G V ) 
for some A G Oak(V) an d some b G V. Hence K h is identified with Oak (V) x V. Give 
Oak{V) the operator norm (which we denote by || • || op ) associated with ( , }± and K h 
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the product norm of this norm || • || op of Oak(V) and the norm || • || of V. The space 
K, h is a Banach Lie algebra with respect to this norm. Denote by lt(V) the Banach 
Lie group consisting of all holomorphic isometry /'s of V which admit a one-parameter 
transformation group {ft \ t G R} of V such that each f t is a holomorphic isometry of V, 

(ft)* is an element of Oak(V). Note that, for a general holomorphic 

t=o 



fi = f and that 



dt 



isometry / of V, 



d_ 

It 



(ft)* is not necessarily defined on the whole of V (but it can be 



t=o 



defined on a dense linear subspace of V). It is clear that the Lie algebra of this Banach 
Lie group l\(V) is equal to K, h . 




K} 1 : the space of all holomorphic Killing fields 
defined on dense linear subspaces of V 



cxp :the exponential map of Ih(V) 



Figure 8. 



Example. We shall give an example of an element of Ih(V) \ I^(V). Let V be a complex 
linear topological space consisting of all complex number sequences {zjt}?? =1 's satisfying 
Yl'kLi \ z k\ 2 < °°i an d ( , ) a non-degenerate inner product of V defined by 

({z k }? =1 , {w k }^ =1 ) := 2Re ^ z k w^j ({z k }^ =1 , {w k }^ =1 G V). 
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The pair (V, ( , )) is an infinite dimensional anti-Kaehler space. Define a complex linear 
transformation A t (t G R) of V by assigning {wk}^ = i defined by 

W2k-i V = f cos kt -sin kt \ / z 2fe _i \ a, G 

to each {zfc}^ =1 G V. It is clear that each At is a holomorphic linear isometry of V. Define 
ft £ Ih(V) by /t(«) := A t u + bt (u G V), where 6j is an element of V. Set 



dt 



f -* 
jt* — j, 

t=o dt 



t=o 



It is easy to show that 2? is a skew-symmetric complex linear map from a dense linear 
subspace U of V to V assigning {wk}™ =1 defined by 



W2k-i \ . = ( -A; \ / z 2 fe-i 
w 2 k J ' \ k J \ z 2k 



(k G N), 



to each {zk}'^ =1 G {/, where U is the set of all elements {z/J^'s of y satisfying B({zk}f? = i) 
G V. Let {flfclfcLi be an element of V defined by a& := k + ± (k G N), where [•] is the 

Gauss's symbol of -. Then we can show B({ak}^ = i) ^ ^at is, {a^'kLi ^ ^- Thus B is 
not an element of Oak{V) and hence f\ is not an element of l\{V). 

Let -ff be the closed subgroup of I b h {V) of all elements of I h h {V) preserving M c invari- 
antly. According to Theorem 3.2 (and its proof) and Theorem 4.3, we have the following 
fact. 

Lemma 5.2. We have H ■ 6 = M c . 

Proof. Let 7 : [0,1] -)• L?' be the geodesic in L?' and set w := Y(0). Also, let F 7 
be the holomorphic isometry satisfying F 7 (7(0)) = 7(1) and the relation (3.2). In more 
general, let Fj, ot , (t G R) be the holomorphic isometry satisfying F 7[0 1] (7(0)) = j(t) 
defined in similar to Fj. For simplicity, set F™° := F^ [ot y Let X w ° be the holomorphic 
Killing field associated with the one-parameter transformation group {F™°}t£-R, that is, 

F™°(u), where u moves over the set of all elements u's where the right- 

t=0 

hand side exists. According to Theorem 4.3, we have X W{> is defined over the whole of V, 
that is, X w ° G K h . Therefore we obtain F 7 G l\{V). On the other hand, F 7 preserves M° 
invariantly. Hence we have F 7 G H. Since the holomorphic isometries jVs in the proof 
of Theorem 3.2 are given as the composition of the holomorphic isometries of -F 7 -type, it 
is then shown that fk's are elements of H and hence the holomorphic isometry / in Step 
IV of the proof of Theorem 3.2 also is an element of H (see the construction of / in Step 
IV). Therefore we obtain H ■ 6 = M c . q.e.d. 
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In this section, the notation p denotes the homomorphism from iJ 1 ([0, 1], G c ) to 
Ih(V) defined by assigning g * • to each g G H l ([Q, 1], G c ) (i.e., p{g){u) '■= g * u (g £ 
i/ 1 ([0, 1], G c ), u G V)), where g * u is as stated in Section 2. 

Lemma 5.3. The group / 9( J ff 1 ([0, 1], G c )) is a closed subgroup ofI b h {V). 

Proof. Take an arbitrary v G i/ 1 ([0, 1], g c ) and set ip s := p(exposv), where exp is the 
exponential map of G c . Note that expose is equal to the image of sv G i^ 1 ([0, 1], C ) 
by the exponential map of i^ 1 ([0, 1], G c ). The group {ip s \ s 6 R) is a one-parameter 
transformation group of V. The holomorphic Killing field X associated with {if) s \ s G M} 
is given by 

,i ,1 

(expose) * u = ad(-u)(u) — v' 



X - d 

as 



s=0 ds 



s=0 
2\ 



Set I c := {t G [0, 1] | max Spec(— &d(v(t)) ) > c} and cq := min{c| I c is of measure zero in 
[0, 1]}, where ad is the adjoint operator of g c . Then we have 



||ad(t>)u|r= / {ad(v(t))u(t),ad(v(t))u(t))f c dt 
l ± 
= - J (&d(v(t)) 2 u(t),u(t)}^ dt < c \\u\\ 2 , 

where ( , )^ is the inner product of g c stated in Section 2. Thus ad(-u) is bounded. Hence 

we have X G )C h , that is, p(ex.pov) G ^00- Therefore, it follows from the arbitrariness 
of v that p{H l {[Q, 1],G C )) is a subgroup of I b h {V). The closedness of p{H l {[Q, 1],G C )) is 
trivial. q.e.d. 

In the proof of Theorem 5.1, it is key to show the following fact. 

Proposition 5.4. The above group H is a subgroup of p(H l ([0, 1],G C )). 

To prove this proposition, we prepare some lemmas. For X G IC h , we define a map 
Fx : ri e (G c ) — > q c by Fx(g) ■= 4>^o((p(g)*X)^). For simplicity, denote by Ad the adjoint 
operator Ad^c of G c . For this map Fx, we have the following fact. 

Lemma 5.4.1. (i) For g G Q e (G c ), F x {g) = ft Ad(g)(X p{g _^ {6) )dt. 
(ii) If X G KX c , then the image of F x is included by T e M c . 

Proof. Let {f/> s } sg R be the one-parameter transformation group associated with X. For 
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each g G Sl e (G c ), we have 



d_ 

ds 



p(5)(^(5 _1 *6)) 



s=0 



(Ad( 5 )(^(p( 5 " i )(0))) - g'g; 1 ) = Ad(g)(X p{g _ 1){6) ) 

s=0 



Also we have (/>*q(u) = Jq u(t)dt (u G TgV"(= V")) (see Lemma 6 of [Koi3]). Hence we 
obtain the relation in (i). Since g G r2 e (G c ), it maps each fibre of (ft to oneself. Hence, if 
X G /C~ c , then p(g)*X G /C~ c . In particular, we have (p(g)*X) 6 G T fl M c . Therefore we 

obtain F x (<7) G <^ 6 (T fl M c ) = T e M c . q.e.d. 

For t> G ^([0, 1], g c ), we define a vector field X v on V by (X v ) u := [v, u] -»'(«£ F). 
Let {exp osv \ s G R} be the one-parameter subgroup of ^([O.l],^) associated with 
v. Then the holomorphic Killing field associated with the one-parameter transformation 
group {p(exp osv) \ s G R} of V is equal to X v . Furthermore, we can show X v G JC% by 
the discussion in the proof of Lemma 5.3. For X v , we have the following fact. 

Lemma 5.4.2. The map Fx» is a constant map. 

Proof. Take elements g\ and g 2 of Q e (G c ). Since p(gi) maps each fibre of (ft to oneself by 
the fact (iii) for (ft stated in Section 2, we have (ft o p(gi) = eft (i = 1, 2) and hence 

(5.1) F X « (ft) = <M(^)*Pn)o) = ^(^Xo^W^xo)) (* = 1,2). 

Since p(exp osv) maps the fibres of (ft to them by the fact (iii) for (ft stated in Introduction 
and (ft(p(gi : )(6)) = (ft{p{g 2 1 ){6)), we have 0(p(exp sv)(p(5 ] ; 1 )(6))) = ^(p(exp sv)(p(c/^ 1 ) 
(6))) and hence ^-^(o)^-!)^) = K^^p^Xdy >■ From this relation and 
(5.1), we obtain Fx«(<7i) = Fx^{g 2 )- Therefore it follows from the arbitrarinesses of 51 and 
g 2 that Fx« is a constant map. q.e.d. 

For each u G V, denote by u the element f ^ J * (0 < t < 1) of i^QO, 1], C )- 

Also we have the following fact for Fx- 

Lemma 5.4.3. (i) The map X i-> Fx is linear. 
(h) F x ( gi g 2 ) = F p{g2)tX { gi ) ( 9l ,g 2 G ft e (G c )j. 

(iii) (rfF x ) 9 o (dR 9 )e = (dF p(9)iX )e (5 e n e (G c )). 

(iv) If X u = Au + b (u G F) for some^linear transformation AofV and some b G V, 
then we have (dFx)e(u) = f (A + &d(b))u' dt (u G Slo(0 c )), where ad is the adjoint 
representation of g c and rio(0 c ) := {?•* £ ^ 1 ([0, 1] ; 5 C ) I ""(0) = u(l) = 0}. 

(v) If X,X~ G /C A and ifX - X = X v for some v G ^([0, l],g c ), then F x - F x is a 
constant map. 
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Proof. The statements (i) ~ (iii) are trivial. The statement (iv) is shown by imitating 
the proof of Proposition 2.3 of [Ch]. The statement (v) follows from Lemma 5.4.2 and (i) 
directly. q.e.d. 

By imitating the proof of Theorem 2.2 of [Ch], we can show the following fact in terms 
of Lemmas 5.4.1^5.4.3. 

Lemma 5.4.4. Let X be an element of )C h given by X u := [v,u] — b (u G V) for some 
v,beV. IfX G K^ e , then we have v G ^([0, l],g c ) and b = v' (i.e., X = X v ). 

Proof. Set X := X — X b and w := v — b. First we consider the case where G c is simple. 
From X = ad (to), we have 

{p{g)*x) u = p{g)*(x p{g -i ){u) ) = Ad^XKpGr 1 )^)]) = [Ad( g )w, u - g * 6] {uev). 

From this relation and (i) of Lemma 5.4.1, we have 

d 



(dF t 



P (g),X- 



,(«) = 



Ub s=0 

Ad(exp su)({p(g)*X) p(eM _ sum6) )dt 



d_ 

ds 



-a 



s=0 

[u, (p(g)*X) 6 ] + — 



5=0 



(p(g)*x) p( exp (_ su ))(o) 



dt 



-{u, [Ad(g)w,g*6]] + 



JO \ ds s=0 

(5-2) = J 1 f[u, [Ad(g)w,gfg: 1 ]] - [Ad(g)w, ^ 



[Ad(g)w,p(exp(-su))(6)-g*6])dt 



((exp(-su))' expi-su)^ x )] I dt 



s=0 



([«, [Ad^u;,^" 1 ]] + [Ad(g)w, «']) dt 



[u(t), [Ad(g)w,g'gZ 1 ](t)} 



[u(t), lAd(g)w,g>g* l }(t)} 



t=i 



t=o 



- [ K, [Ad(g)w,g>g* 1 ]]dt + [ [Ad(g)w, u'jdt 
Jo Jo 

= / [[Ad{g)w,g'g^ 1 ] + Ad{g)w, u']dt 
Jo 

for u G T,s(il e (G c ))(= $7o(0 c ))) where each of the notation ' means the derivative with 
repspect to t, e is the constant path at the identity element e of G c and J7o(0°) := { u £ 
H 1 ^, 1],Q C ) \u(0) = u(l) = 0}. According to (ii) of Lemma 5.4.1, we have Im F x C T e M° 
and hence dimc(Span c Im Fx) < dimcT e M c < dimc0 c — 2, where Span c (-) means the 
complex linear span of (•) and dimc(-) means the complex dimension of (•). Since F^—F x 
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is a constant map by (v) of Lemma 5.4.3, we have dimc(Span c Imi ? ^) < dimc0 c — 1, that 
is, dim c (g c eSpan c ImF x ) > 1. Take 0) G g c 0Span c Im%. Also, take g G n e (G c ) 
and u G Te(f2 e (G c )). By using (hi) of Lemma 5.4.3 and (5.2), we have 

((dF T ) g ((dR g Uu)),Y) A = ((dF p{gh xUu),Y) A 

= ( [ [[Ad(g)w,g>g^] + Ad(g)w, u']dt, Y) A 
1 

= / ([[Ad(g)w,g'g^]+Ad(g)w, u'}, Y) A dt 
l 

/ (u, [[Ad(^g'g- l ]+Ad(g)w, Y]) A dt 
Jo 

[[Ad(g)w,g'gZ 1 }+Ad(g)w, Y}}, 

where ( ) A is the non-degenerate symmetric bilinear form of g c stated in Section 2. For 

simplicity, we set r] := [Ad(g)w, g' gZ 1 ]+Ad(g)w. On the other hand, from (dFx) g ({dR g )e{u)) G 
Span c ImF^, we have {(dF x ) g ((dR g )e(u)),Y) A = 0. Hence we have {v! , [r],Y]) = 0. The 
space r2o(0 c ) is identified with the vertical space (which is denoted by Vq) at of <p under 
the correspondence u i->- u' (u G f2o(fl c )), where we note that (p^ (u r ) = j^u'{t)dt = 
by Lemma 6 of [Koi3] (hence v! G Vg). Hence, from the arbitrariness of u, it follows 
that [77, Y] belongs to the horizontal space (which is denoted by "Hg) at of 4>. Since G c 
has no center, there exists Z G g c with [Y, Z] ^ 0. Set W := [Y,Z]. By using Lemma 
6 of [Koi3], we can show that %q is equal to the set of all constant paths in g°. Hence 
it follows from [rj, Y] G Hq that [77, Y] is a constant path. Furthermore it follows from 
(r,, W) A = {[rj,Y], Z) A that (77, W) A is constant, that is, 

(5.3) ([Ad^u;,^- 1 ],^ + {Ad(g)w,W) A = const. 

Since g c has no center, there exists W G Q c with [W, W] 7^ 0. Since G c is simple, 
Ad(G c )[W,W] is Ml in g c . Hence there exist h u ■ ■ ■ , h 2m G G c such that {Ad(hi)[W, W], 
• • • , Ad(h2m)[W, W]} is a base of g c (regarded as a real vector space), where m := dim c G c . 
For a sufficiently small e > 0, we take gi G O e (G c ) with <7i|( £i i_ e ) = hi (i = 1, ■ ■ ■ , 2m). 
Since g\ [i = 1, ■ ■ ■ , 2m) are constant over [e, 1 — e], it follows form (5.3) (g = g^-case) that 
(u;, Ad(K[ 1 )W) A (i = 1, • • • ,2m) are constant over [e, 1 — e]. Hence w is constant over 
[e, 1 — e\. Hence it follows from the arbitrariness of e that w is constant over [0, 1]. That 
is, we obtain b = v ' and hence v G i? 1 ([0, 1], g c ). 

Next we consider the case where G c is not simple. Let G c = G\ x ■ • ■ x Gjr; be the 
irreducible decomposition of G c and g^ be the Lie algebra of Gf (i = 1, • • • , k). Let g^, be 

the maximal ideal of g c such that the orthogonal projection of w = v — b onto the ideal 
is a constant path, where we note that any ideal of g c is equal to the direct sum of some 
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g^'s and hence it is a non-degenerate subspace with respect to ( , ) . Now we shall show 

(5.4) ( ^) ± C T e M c , 

where (fl^)" 1 " is the orthogonal complement of g^ in g c with respect to ( , ) A . Let Vi := 

H°([0, (i = 1, ■ ■ ■ , k). It is clear that V = V\ ■ ■ ■ V k (orthogonal direct sum). 

The holomorphic Killing field X is described as X = X l + • • • + X k in terms of some 

holomorphic Killing field Xj on Vi {i = 1, • • • , k), where X i is the holomorphic Killing field 

on V defined by (xf) u = (Xi) Ui (u = (ui,-- ■ ,u k ) G V). For g = (g u - ■ ■ ,g k ) G O e (G c )(= 

k 

fie(Gf) x ••• x n c (Gfc)), we have Ad(g)(X p{g _ 1){b) ) = E Adi(^)((X i ) /9 . (ff -i )(Q) ), where 

i=i 

Adj is the adjoint representation of G° and pj is the homomorphism from i7 1 ([0, 1], Gf) 
to /^(Vi) defined in similar to p. Hence, from (i) of Lemma 5.4.1, we have F-^{g) = 
k 

E (gi), where is the map from fi e (G£) to g^ denned in similar to i<V. Therefore 

i=i Al Al 

k ■ k ^ k ^ ^ 

we obtain Span c Im.F-x = Span c ImF-^ . Let v = E v i an d b = bi, where Vi,bi G 

i=1 ~ 1 i=l i=l 

(« = 1, ■ ■ ■ , k). Since is an ideal of g c , it is described as g^ = g° (/ C {1, • • • , k}). 

Since Vi — bi (i G /) are constant paths by the definition of g^,, Adi(gi)[vi — bi, p(g~ 1 )(6)] 
(i E I) are loops and hence 

F x-(9i)= C Ad i (g i )[v i -b i ,p(g- 1 )(6)]dt = (i G I). 
Jo 

Hence we have 

Span c ImF x C (q^) ± (= fl?)- 

if I 

Also we can show Span c lmF^ = g? (i I). Therefore we obtain 

(5.5) Span c ImF x = (g^)^. 

Also, since — Fx is a constant map by (v) of Lemma 4.2.3 and 6 ImF-^, we have 

(5.6) Span c ImF^ C Span c ImFx- 

From (5.5), (5.6) and (ii) of Lemma 5.4.1, we obtain (fl^)" 1 " C T e M c . Next we shall show 
that (i? 9 )„((g^)- L ) c T g M c for any g £ M c . Fix g G M c . Define g £ H 1 ^, 1],G C ) with 
g(0) = e and g(l) = g by g(t) := expil" for some Y G g c . Since o p(g) = R~ l o 0, we 
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have 4>~ 1 (R~ 1 (M C )) = p(g)(M c ). Also we have p(g)*X G ^^^ c y Hence, by imitating 
the above discussion, we can show 

(5.7) C T ^\M C ) = (R g ):\T g M°). 
Also, we have 

(5.8) (p(g)*X) u = p(gUX p(s) - Hu) ) = [Ad(g)v,u] - [Ad(g)v, p(g)(6)} - Ad(g)b. 

Set v := Ad(g)v and b := [Ad(g)v, p(g)(0)] + Ad(g)b. Denote by pr c_ the orthogonal 
projection of g c onto g^. Since Ad(g) preserves each g? invariantly, it preserves 
and {q^-)~ l invariantly, respectively. Hence we have pr fl c_ o Ad (g) = Ad (g) o pr c_ and 
pr 0£ _ o ad(y) = ad(l") o pr g ^. Also, we have p(g)(0) = —Y = — Ad(g)Y. By using these 
facts and noticing that pr n c_(u — 6) is a constant path, we have 

Jt w ^-b ^ ^ 

= j f P^ ( Ad (?)(^ - b ) + Ad (9)b ~ [Ad(g)v,p(g)(6)] - Ad(g)b^j 
= Ad(g) [Y, pr sj _(v -b)]+ Ad(g) [Y, pr^(b)] 

+Ad(g)pr^_(b) + pr^Ad^, Y] - Ad(g)pr^(b) 

= (pi g o_ o Ad(g)) ([Y,v-b] + [Y,b] + [v, F]) = 0. 
Thus pr g c_(U — b) is a constant path. This fact together with (5.8) implies g^-r C g 



By exchanging the roles of X and p(g)*X, we have — C g^. Thus we obtain g^ = 
g ^ — . Therefore the relation (i? 9 ) ! „(g^)- L c T g M c follows from (5.7). Since this relation 
holds for any g G M c and g^ is an ideal of g c , we have M c = M c ' xG^cG^xG^ (= G c ) 



for some submanifold M c ' in G^, where := exp(g^) and G^ := exp((g^)- L ). Since 
M c is irreducible and dimM c < dimG c , we have (q^) ± = ^ na * ®Jc = This im ~ 
plies that v — b is a constant path. Therefore we obtain 6 = i;' and hence v G -H^QO, 1], g c ). 
q.e.d. 

Also we have the following fact. 
Lemma 5.4.5. The set IC~ is closed in K h . 



Proof. Denote by the closure of Ki h ~ in K h . Take X G /C~ . Then there exists 
a sequence {X n }°°, in )C~ with lim A n = X (in /C fe ). Let (A„) M = A n u + 6„ (A n G 

M c n— >-oo 
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Oak(V), b n £ V) and X u = Au + b (A £ o AK (V), b £ V). From lim X n = A (in K h ), 

n— »oo 

we have lim A n = A (in Oak(V)) and hence lim A n u = Au (u £ V). Also, we have 
lim b n = b. Hence we have lim (X n ) u = X u (u G V). For each u G M c , denote by prf the 

n^oo n— »-oo 

orthogonal projection of V onto T^M C . Since dim T^M° < oo, pr^ is a compact operator. 
Hence, since pr^((A n ) u ) = for all n, we obtain pr^(A u ) = and hence X G K^ c - 

Therefore we obtain /C~ = /C~ . q.e.d. 

Take u G V and X G /C A . Define v G #^[0, 1], C ) by v(t) := &v(t)dt. Also, define 
G #^[0, 1],G C ) (n G N) by g n (t) := exp(nv(t)) and a vector field X v n (n G N) by 
-^n := ^/°(<?n)*A. We can show that A^ is defined on the whole of V (i.e., A^ G K, h ) as 
follows. Let A u = Au + b (A £ o A k(V), b £ V), where u £ V, and (X%) v = A v n u + 6^ 
(An : a skew-symmetric complex linear map from the domain of A^ to V, b n £ V), where 
u is an arbitrary point of the domain of X%. Then we have 

(Xl) u = Ud( gn )(X p(g - 1)(u) ) = ^-kd(g n )(Ap(g- 1 )(u) + b) 

1 • " ^ • ' " -1\„. , 1 A 1 / \f A/„ -1\ 



= -Ad(g n ) o A o Ad(s"> + -Ad(g n )(Ap(g- i )(0) + b) 



and hence 



(5.9) < = ^Ad( 5n ) o A o Ad^ 1 ) and b n = ^Ad(g n )A(p(g- 1 )(6) + b). 

From the first relation in (5.9), we have A n £ o A k(V) and hence X v n £K h . 

For {X^}^ =1 , we have the following fact. 

Lemma 5.4.6. If X £ /C~ c and v is an element of H°^ c with v(t)dt = 0, then there 
exists a subsequence of {X%}%L 1 converging to the zero vector field. 

Proof. Take u £ V. Let u = u_ + u + (u_ G F°' c , u+ G F+' c ). Then we have 

(Ad(g n )u £ )(t) = Ad(exp(nv(t)))u £ (t) = exp(ad(nv(t)))u £ (t) £ q c £ (e = - or +) 



for each t £ [0,1] because v(t) £ g : (0 < t < 1) by the assumption and [fl!L,0g] C 0' 
(s = — or +). Hence we have 

(5 10) (Ad(g n )u,Ad(g n )u)± = -(Ad(g n )u-Ad(g n )u-) + (Ad(g n )u + , Ad(g n )u + ) 
' "' = — (u_,u_) + (u+,u+) = (u,u)±. 
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Therefore, by using (5.9), we can show ||^|| op = ^||-A|| op — > (n — > oo) and 

iKii^^diM^^ii + iifeii) 

= \\Av\\ + ^\\b\\ ||Au|| (n^ oo). 

Since the sequence {A^ | n G N} in /C h is bounded, there exists its convergent subse- 
quence {Xl }f =1 . Set := lim From lim A v n = 0, is a parallel Killing field 

on V. From $ v(t)dt = 0, we have 5n G Jl e (G c ) and hence /)(£? n )(M c ) = M c . This 
fact together with X G /Cj~ c deduces A£ G /C^. Also, from ||^|| op = ±||i4|| op < oo, 

we have X% G JC h . Hence we have X" G /C~ . Therefore we have XJL G /C~ . Fur- 

thermore, from Lemma 5.4.5, we have X^ G /C~ c . Thus, since A^ is parallel and 

X^ G £^ cJ it follows from Lemma 5.4.4 that X^ = 0. This completes the proof, 
q.e.d. 

On the other hand, we have the following fact. 

Lemma 5.4.7. Let X be an element of /C~ c given by X u = Au + b (u G V) for some 
A G 0ak(V) and some b G V, Y an element of 0°: and / an element of H°([0,1],C)(= 
H°([0, 1],R 2 )) satisfying J* f(t)dt = or / = const. Then we have A(fY) = [Y,w] for 
some w G V. 

Proof. Set v := fY. Define / G ^([0, 1],C) by /(t) := /* f(t)dt (0 < t < 1). Let 
A(/y)(t) = m(t) + u 2 (i) (ni(t) G Kerad(y) and u 2 (t) G Imad(F)), and Ui(t) = u~(t) + 
4(t) K(t) e 0-,5 + W e g^) (i = 1,2) andfe(t) = b-(t)+b+(t) (b-(t) G Q c _, b + (t) G 0^). 
Let g n (t) := exp(nf(t)Y). From (5.9) and Ad(5 n )| Kcr ad(Y) = id, we have 

bl = ^M{g n ){Ap{g- l )(V) + b) = Ad(g n )(A(fY) + 

= ui + Ad(5f n )(u 2 + -). 

n 

Since Ad(g n ) preserves 0^ and 0^ invariantly, respectively, and Ad((/ ri )| Kerad (y) = id, we 
have 

(&n> u i)± = («i)«i)± + (Ad(# n )(u 2 + -),Ad(5„)iti) ± 

1 n 

= (mi,«i)± + -(Mi)± -> («i,«i)± -> °o). 
n 

Assume that f(t)dt = or "/ = const and y is the initial vector of a closed geodesic 
in G°_ of period one". Then we have v(t)dt = 0. Also we have v G i?°' c because 
of y G 0^. Hnece, according to Lemma 5.4.6, there exists a subsequence {X% }jZ 1 of 
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{X n }^ =1 converging to the zero vector field. Clearly we have lim b v n . = and hence 

ui = 0. Thus we see that A(fY)(t) G Imad(y) holds for all t G [0, 1]. That is, we have 
A(fY) = [Y, w] for some w G V. Next we consider the case where / = const and Y is the 
initial vector of no closed geodesic G!L of period one. Set 

B := {aZ | a G R, Z : the initial vector of a closed geodesic in Gt of period one}. 

Since g°_ is the compact real of g c , B is dense in gi. Take a sequence {a^}?^ in B with 
lim OjZj = fY. For each i, there exists Wi e V with A(aiZi) = [aiZi,wi\. We can show 

that the sequence {wi}^ is a convergent sequence and that 

A(fY) = lim [aiZi,Wi] = [Y, f lim Wi\. 

This completes the proof. q.e.d. 

Since w in this lemma depends on X, f and Y, we denote it by wxj,y- According to 
Lemma 2.10 of [Ch], we have the following fact. 

Lemma 5.4.8. Let B be a map from q'L to oneself defined by B(Y) = \fi(Y), Y] (Y G tfL) 
in terms of a map fx : — > g°_ . If B is linear, then (i is a constant map. 

By using Lemmas 5.4.7 and 5.4.8, we can show the following fact. 

Lemma 5.4.9. Fix X G /C^ c and f G H°([0, 1], C) satisfying ^ f(t)dt = or / = const. 
Then wxj,y is independent of the choice ofY G gl. 

Proof. For simplicity, set wy '■= wxj,y- Define a linear map B\ : gl — >■ g^L by B\(Y) := 
A(fY)(t) 5 o_ (Y G i) and a linear map 5* : g^ -> g^ by B*(y) := >/=l(A(/y)(t) 4 ) 
(V G gi), where (-) fl c (e = — or +) is the g^-component of (•). Since A(fY) = [Y,wy], we 
have B[(Y) = [Y,w Y (t) s o_] and ££(y) = [Y, ^Tw Y {t) g - + ], it follows from Lemma 4.4.8 
that, for each t G [0, 1], WY(t) s i and wy(t) g c are independent of the choice of Y G gl. 
Hence u>y is independent of the choice of Y G g c . q.e.d. 

According to this lemma, wx,f,Y is independent of the choice of Y G g^ , we denote it 
by wx,f- Define </> n G if°([0, 1],C) by ip n (t) = exp(2n7r^/^Tt) (0 < t < 1), where n G Z. 

Lemma 5.4.10. For each X G /C^ c and each f G fl°([0, 1], C) satisfying £ /(t)<ft = 
or f = const, we have wxj = fwx,i, where the subscript 1 in v\ means 1 G H°([0, 1], C). 
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Proof. Let ( , ) c be the complexification of the Ad(G)-invariant non-degenerate symmetric 
bilinear form ( , ) of q inducing the metric of G/K. Let a be a maximal abelian subspace 
of y/—lp and g'L = 3 = (a) + J2aeA(Q-)c* the r0 °t space decomposition of q<L with respect 
to o, where 3 fl = (a) is the centralizer of o in g*: and A := {a G o* | (g^_) Q / {0}} ((g^.) a := 
{Z G | ad(a)Z = yf^la{a)Z (Va G o)}). For any a G A and any n G N U {0}, define 
tf Q G a by (H a ,-) = a(-) and c Q , n := ^Ei. Define ffa , n G fl^flO, 1], G c ) by g a>n (t) := 
exp(tc ai!1; ff a ) (O^t < 1). It is clear thatjf Qjn G Sl e (G c ). Let X ain := p(g ajTl )~ 1 X. Since 
p(9a,n)(M c ) = M c , X atn is tangent to M c along M c . Also, we can show X a ^ n G /C fe . 
Hence we have X a>n G /C|^ c . Let {X^ n ) u = A a ^ n u + b a , n (A a , n G o A k(V), 6 a ,„ G F). We 
can show that = Ad^^) -1 o A o Ad(g at n) in similar to the first relation in (4.9). 
Take any Yq G 3 g i(a) and any Y a G (0^_) a . Then, from Ad(g a ^ n )Yo = Yq, we have 

[Ad(g atn )wx a ^ v Y ] = [Ad(g atn )wx anl ,Ad(g atn )Yo] 

= -Ad(g atn )(A^ n Y ) = -A(Ad(g a , n )Y ) = —AY = [w x ,i,Y Q ]. 

It follows from the arbitrariness of Yq(£ dsl( a )) ^ na * 

(5.11) lm(Ad(g a ^)w Ya n l - w x ,i) C a. 

Also, from Ad(g a , n )Y a = ip n Y a , we have 

[Ad(g a , n )w x - a Y a ] = 7p_ n [Ad(g a>n )wx a ^ v Ad(g a>n )Y a } 
= -if)- n Ad(g ay n){A a)n Y a ) = -ijj- n A(Ad(g a , n )Y a ) 
= -ip- n A(ip n Y a ) = i/>-„K^„,y„] 

and hence 

[Ad(g a>n )wx anA - ^- n w x ^ n ,Y a ] = 0. 
It follows from the arbitrariness of Y a (e (g° ) Q ) that 

Im (Ad(g a , n )w x - a ^ - ip- n w x ,4> n ) C 3 fl l((fl-)a)- 
This together with (5.11) implies 

Im(i/j n w XA -w x ^ n ) C o + 3 fl c ((gi) Q ). 
From the arbitrariness of a, we obtain 

Im(ip n w x>1 -wxrfj Ca+ njjc((g c J a ) = a. 

Take another maximal abelian subspace a' of \/^Tp with a' n a = {0}. Similarly we can 
show 

lm(ip n wx,i - wx,ii> n ) C a' 
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and hence 

(5.12) wx,i> n = 1pnWX,l- 

1 00 
Take any / G H°([0, 1], C) satisfying f Q f(t)dt = or / = const. Let / = ^ c n ^ n be 

ra=— 00 

the Fourier's expansion of /, where c n is constant for each n. Then, since A is continuous 
and linear, we have 

00 

(5.13) A(fY)= CnA(i; n Y) (Yee c _). 

n=~oo 

From (5.12) and (5.13), we obtain 

00 

[Y,w XJ ]=A(fY)= c n [Y,w x ^ n } = [Y,fw x , 1 ] (Y G g c _). 

n=— 00 

Thus wxj— fwx,i belongs to the center of gl. Therefore, since g^. has no center, we obtain 
w X j = fw x ,i- q.e.d. 

From Lemmas 5.4.7 and 5.4.10, we have the following fact. 

Lemma 5.4.11. Let X be an element of /C~ c given by X u = Au + b (u G V) for some 
A G Oak(V) and b G V. Then we have A = ad(v) for some v G V. 

m 

Proof. Take any u G V and a base {ei, • • • , e m } of g^. Let u = Uj(i)ej and Ui(t) = 

i=i 

00 

S c i,n^ni^) be the Fourier expansion of Uj. Then, since A is continuous and linear, 

n=—oo 

00 m 

we have ^4u = J2 J2 Ci,n,A(ijj n (t)ei). According to Lemmas 5.4.7 and 5.4.10, we have 

n=— 00 i=l 

A(/y) = [w x ,i, fY] for any 7 € g c and any / G H°([0, 1], C) satisfying £ f(t)dt = or 
/ = const. Hence we have 

00 m 

Au= ^ ^2 c i,n[ w X,l,^n(t)e i ] = [w Xjl ,u]. 
n=— 00 i=l 

Thus we obtain A = ad(wx,i)- q.e.d. 
By using Lemmas 5.4.4 and 5.4.11, we shall prove Proposition 5.4. 
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Proof of Proposition 5.4- Let H be as in the statement of Proposition 5.4. Take any 
X G LieH. Since LieH b C KL~ , it follows from Lemmas 5.4.4 and 5.4.11 that X = X v 

M c ' 

for some v G V. Since X v is the holomorphic Killing field associated with an one-parameter 
subgroup {p(exposv)\s G M.} of p^H 1 ^, 1], G c )), we have X G Lie pG^QO, 1], G c )). 
Hence we obtain LieH C Uep{H l {[0, 1], G c ), that is, ii C ^(^([0, 1], G c )). q.e.d. 

By using Proposition 5.4, we shall prove Theorem 5.1. 

Proof of Theorem 5.1. Since H is a subgroup of p(i/ 1 ([0, 1], G c )) by Proposition 5.4, 
we have H = p{Q) for some subgroup Q of -ff 1 ([0, 1],G C ). Let Q' be a closed connected 
subgroup of G c x G c generated by {{h(0), h(l)) \ h G Q}. Since 0op(/t) = (L ft(0) o i?" 1 ^ ) o 

for each /i G ii, we have M c = Q' ■ e, where e is the identity element of G c . Here we note 
thatG c xG c actsonG c by( 5l , 52 )- 5 := {L gi oR g .})(g) ( 9l , g 2j g £ G c ). Set M := vr^M), 

where 7Tr is the natural projection of G onto G/K. Since M is a component of M c n G 
containing e and (Q' n (G x G)) • e is a complete open submanifold of M c n G, M is 
a component of (Q' PI (G x G)) • e. Therefore we have M = (Q' n (G x G))o • e, where 
(Q'n(GxG)) is the identity component of Q'n(GxG). Set Q' R := (Q / n(GxG)) . Since 
M consists of fibres of 7Tr,, we have (Q' R U (e x K))-e = M, where (Q R U (e x if)) is the group 
generated by Q' R U (e x K). Denote by the same symbol Q' R the group (Q R U (e x K)) 
under abuse of the notation. Set (Q R )i := {^i G G\3g2 G G s.t. (51,52) £ Qr} an d 
(Qr)2 := {52 e G| 3 pi G G s.t. (51,52) G Q R }. Also, set (Q R )J := {5 G G | (5, e) G Q R } 
and (Q R )* := {5 G G| (e, 5) G Q R }- It is clear that (Q R )* is a normal subgroup of (Q R )j 
(i = 1, 2). From ex K C Q R , we have if C (Q R )*. Since K C (Q R )* C (Q R ) 2 C G and 
if is a maximal subgroup of G, we have (Q R )2 = if or G and (Q R )* = if or G. Suppose 
that (Q R )* = C. Then we have M = G and hence M = G/K. Thus a contradiction 
arises. Hence we have (Q R )* = Since if is not a normal subgroup of G and it is a 
normal subgroup of (Q R )2, we have (Q R )2 / G. Therefore we have (Q R )2 = K and hence 
Q' n C G x if. Set Q R := {5 G G| ({5} x if ) n Q R / 0}. Then, since M = Q R ■ e and 
M = 7r(M), we have M = Q R (eif). Thus M is homogeneous. q.e.d. 

By using Theorem 5.1 and Lemma 4.1, we shall prove Theorem A. 

Proof of Theorem A. We shall use the notations in Lemma 4.1. Let Z be as in the 
proof of Lemma 4.1 and Z the parallel normal vector field of M with Z e x = Z. De- 
note by r]^ (0 < t < 1) the end-point map for tZ (i.e., i] t ^(x) = exp ± (tZ x ) (x G M)), 
where exp is the normal exponential map of M. Set Mt := rj.^(M). If < t < 1, 
then M ( is a a parallel submanifold of M and Mi is a focal submanifold of M (see 
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Figures 9 and 10). Fix v G U. Let v be the parallel tangent vector field on the flat 
section S e x := exp b with v e K = v. Note that ~{eK) is a normal vector of Mt 
at 7] t z(eK). Denote by A f the shape tensors of Mt (0 < t < 1). According to the 
proof of Theorems B and C of [Koi8], there exists a complex linear function <fii on b c 
with <f>i(y) = X v i and <^ _1 (1) C T for each % G ij with A" / 0. Fix i G 7g with 
with A^ Q 7^ 0. According to (5.14), (\>~^(V) coincides with one of (/3 c ) _1 (arctanhcg ^ v + 
jW=1)'s (/3 G (A 6 )+, G (^)+°x Z) and (/^^(arctanhc^. v + (j + |)7iV=l)'s 

(f3 G (A[,)+, (z,j) G x Z), where and cZ iv are as in the proof of Lemma 

4.1. Since (/3 c ) _1 (arctanhc^ it , + jvrv^T) = / 9~ 1 (arctanhc^' i ) + (/3 c | v /3r b )~ 1 (i 7r v / -T) and 
(/S^-Harctanhc^ + a + i)^^) = /TVctanhc^.J + (/3 c | v ^ Tb )~ 1 ((i + ^ \ /ZT ). we 
have ^(1) = ^-'^(arctanhc+ ^ J + ^l^)- 1 ^) for some ft G (A 6 )+ and n G (i£)+. 
Hence, since Z and t-^u belong to the complex hyperplane 0~ 1 (1), we have Ker (r)^)* e K = 
Ker(??^~)* e x. On the other hand, we have po H Ker(Ay — A^ id) C Ker(r/^~)* e ft;. Hence 
we have 

(5.14) p n Ker (A, - X? id) C Ker (77^)*^. 

Also, by using (1.1), we can show Ker ((^)*eAr| ponKerA J = {0} and 

( 5 - 15 ) ^_ (eJf) l(^)*(p nKerA„) = 0. 

By imitating the proof of Lemma 4.1, we can show 

S P ec 4 I)t _ CeJf) lE^(A b)+ ('? t z)*(f/3) 

(5 - 16) 

U{/J(») tanh((l - t)/3(Z)) | /I <E (A»)+ s.t. (J|)" # 9} 

for each t G [0,1). Set m := dimMi. Denote by Gv m (G/K) the Grassmann bundle of 
G/K consisting of m-dimensional subspaces of the tangent spaces. Define D t (0 < t < 1) 
by 

A == (^)*(p nKerA) 

+ E n Ker _ (eJf) - Pi") *anh((l - t)P(Z))]d) ) 

(see Figure 10). From (5.14), (5.15) and (5.16), we can show lim D t = T^ eK ^M\ (in 
Gv m (G/K)) and 

Spec 4^ = {0} U { ( lim o /3(.) tanh((l - t)p{Z)) \ (3 G (A b )+ s.t. (1%)' + 0} = {0}. 
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Thus we have Ak = 0. Since this relation holds for any v G U and U is open and 

v r]~(eK) 

dense in b(= T^ K M), _ =0 holds for any w G T^ K M, where id is the parallel 

tangent vector field on the section with w e x = w. Set L := r/- 1 (rj^ (eK)), which is 
the focal leaf through eK for the focal map rj^ of M. Take any x £ L. Similarly we can 
show A}~ = for any w G Tz^M, where w is the parallel tangent vector field on the 

section of M through x with w x = w. It is easy to show that r]^(x) = rj^(eK) and 
that U X £L{wr)~( x ) I w ^ T^M} = T^-_^ eK ^M\. Hence we see that A 1 vanishes at rj^(eK). 
Similarly we can show that A 1 vanishes at any point of M±. That is M\ is totally geodesic 
in G/K. On the other hand, since M is homogeneous by Theorem 5.1, it follows from 
Theorem A of [Koi6] that M is a principal orbit of a complex hyperpolar action on G/K. 
See [Koi2] (or [Koi6]) about the definition of a complex hyperpolar action. Furthermore, 
since this action admits a totally geodesic singular orbit M\ and since it is of cohomogeneity 
greater than one, it follows from Theorem C and Remark 1.1 of [Koi6] that this action is 
orbit equivalent to a Hermann action. Therefore we obtain the statement of Theorem A. 

q.e.d. 



The members of Jr 




J) t z(eK) 

Figure 9. 
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M t (inside tube) 
Mi / ^M(outside tube) 




Figure 10. 

Next we prove Theorem B. 

Proof of Theorem B. Let G/K be the ambient symmetric space and g = t + p the Cartan 
decomposition of g associated with the symmetric pair (G,K), where g (resp. t) is the 
Lie algebra of G (resp. K). Since M satisfies the condition (*r), it satisfies the condition 
(*c) as stated in Introduction. Hence, according to Theorem A, M is a principal orbit of 
a Hermann action H rx G/K. Let g = f) + q be the canonical decomposition associated 
with the symmetric pair (G, H), where f) is the Lie algebra of H. Also, let 9 be the Cartan 
involution of G with (Fix#)o C K C Fix 9 and a the involution of G with (Fixcr)o C 
H C Fixer. Denote by the same symbols the involutions of g induced from 9 and a, 
respectively. We may assume that 9 commutes with a by replacing H to its suitable 
conjugate group if necessary (see Lemma 10.2 of [Be]). Hence we have p = pnf) + pnq 
Following to this replacement, we replace M to a suitable congruent one. In the sequel we 
shall show that the //-action is orbit equivalent to the isotropy action of G/K. Suppose 
that the //-action is not orbit equivalent to the isotropy action of G/K. Then the orbit 
H(eK) is a reflective submanifold (see [Koi4] for example). Denote by F this orbit and 
set F 1 - = exp- L (T^-/ ? ), where exp- 1 - is the normal exponential map of F. Take x G 
M n F 1 - and 0) G T^M. Let Z be the element of p n q(= T^ K F) with ExpZ = x 
and set v := (exp Z) 4 T 1 (t;), where Exp is the exponential map of G/K at eK and exp 
is the exponential map of G. Also, set b := (exp Z)~ 1 (T a f M), which is the maximal 

abelian subspace of p n q. Let p = 3p(b) + Yl P/3 be the root space decomposition with 

/3eA' + 
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respect to b, where 3p(b) is the centralizer of b in p, is the positive root system of 
A' := {/3 G b* \3X& 0) G p s.t. ad(6) 2 (A) = (3{b) 2 X (Vb G b)} under some lexicographic 
ordering of b* and p^ := {X G p|ad(6) 2 (AT) = /3(6) 2 A (V6 G b)} (/3 G A' + ). Also, let 
A'J := {/3 G A' + | p/3 n q / {0}} and A'J := {/3 G A' + | pp n f) / {0}}. Then we have 
pnq = b+ (P/?nq) andpnf) = 3 pnf ,(b)+ Yl (p/?n f)), where 3 pn( ,(b) is the centralizer 

peA'X t3<=A'f 
of b in p n f). Assume that v is a regular element, that is, j3(v) / for any (3 G A' + (see 
Figure 11). In similar to (5.1) and (5.2) in [Koill], we have 



(5.17) 

and 
(5.18) 



A>|(cxp Z)»(p^nq) — 



tanh f3(Z) 



id 



(/3G A 



A,|( exp z)*( P/3 nf,) = -/3(f) tanh /3(Z)id (/3 G A' 



where we need to rescale the metric of G/K by a suitable positive constant. Set 5+ := 
{(A,//) G Spec A, x Specif) | |A| > |/x|} and <S_ := {(A,/i) G Spec^ x Specif) | |A| < 
|/i|}. Also we can show 



(5.19) 

According to (5.17) ~ (5.19), we have 



A,|(exp z)„( 3pn „(b)) - 0. 



(5.20) (exp Z\ I (P/3 n <0 I = ®(A,M)e5 + (Ker(A; - A id) n Ker(i?(t>) - fi id)), 

and 



(5.21) (exp Z\ 
Clearly we have 
(5.22) 
and 

(5.23) (exp Z), 



^ (p/3 n f)) | = e (A , M ) 6 5_ (Ker(A, - A id) n Ker(i?(i;) - /z id)). 



(exp Z), 



(P^nq) I = t x [m n f- 1 ) 



/ _ 

(P/3 n fj) | = {T X M Ker R{v)) Q T X (M n F J 
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On the other hand, we can show that the nullity spaces for (real) focal radii of M along 
7„ span ©(A,/i)e5 + (Ker(Ay — A id) D Ker(R(v) — fi id)) (see the fact (1.2) stated in the first 
paragraph of Introduction in the case where G/K is a hyperbolic space). Hence, from 
(5.20) and (5.22) we have the following fact: 

(1) The nullity spaces for (real) focal radii of M along 7„ span T X (M n F- 1 ). 

According to Table 2 in [Koill], in the case where M is of codimension two, (i.e., the 
cohomogeneity of the inaction is equal to two), we have A'+ / because the if-action 
is not orbit equivalent to the isotropy action of G/K. Similarly, we can show A'^ ^ in 
the case where M is of codimension greater than two. Hence it follows from (5.23) that 
(T X M KerR(v)) T X (M n F 1 ) / {0}. On the other hand, it is clear that Ker R(v) n 
T X M = (exp Z)*(3 p n(,(b)). According to these facts, T X (M n F" 1 ) is properly included by 
T X M KerR(v). According to this fact and the above fact (1), the condition (*r) does 
not hold. This contradicts that M satisfies the condition (*r). Therefore the if-action 
is orbit equivalent to the isotropy action of G/K. Therefore we obtain the statement of 
Theorem B. q.e.d. 





Figure 11. 
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Figure 12. 



6 Classifications 

From Theorem A and the list of Hermann actions in [Koi6] , we can classify isoparametric 
submanifolds in irreducible symmetric spaces of non-compact type as in Theorem A as 
follows. 



Theorem 6.1. Let M be an isoparametric submanifold in an irreducible symmetric space 
G/K of non-compact type as in Theorem A. Then M is congruent to a principal orbit of 
the action of one of symmetric subgroups H's of G as in Tables 1 ~ 3. 
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C IK 


£7 
/ / 


SL(n,R)/SO(n) 
(n > 6, n : even) 


SO(n), SO (p,n-p) (1 <p< n - 1), Sp(§,R), SL(§, C) • [7(1) 

/or /,>-, TD\ \/ cr IDA'S "ID ^ q\ 

(o-L(j5, X oLI^n- £>, IK; j • K* s p s n - zj 


SL(4, R)/SO(4) 


SO(4), SO (l,3), SO (2,2), SL(2, C) • {7(1), (SL(2, R) x SL(2, R)) • R„ 


bL(n, K)/ b(J(n) 
(n > 5, n : odd) 


oC(n), iuo(Pi n ~ P) (1 i Pi n_ 1): 
(SL(p, R) x SL(n - p,R)) ■ R, (2 < p < n - 2) 


K)/b(J(6) 


AO(3), oCo(l>^) 


SU*(2n)/Sp(n) (n > 4) 


Sp(n), SO*(2n), Sp(p,n - p) (1 < p < n - 1), SL(n, C) ■ {7(1) 
ol7 X bu (2n — 2p) X U [1) (2 < p < n — 2) 


bU (6)/6p(3) 


6p(3), bO (6), 6p(l,2) 


SU{p,q)/S{U(p) x 17(g)) 
(4 < p < g, g : even) 


S(U(p)xU(q)), SO (p,q), Sp(§,§), 
A((7(*i7)x(7(p- i i'?-j)) (1<»<P-1, l<J<g-l) 


SU(p,q)/S(U(p) X 17(g)) 
( j < p < g, p or g : odd) 


S([/(p) x (7(g)), SO (p,g), 
b\y{i,3) x (7(p - ?,g - j)) (1 < i < p - 1, 1 < j < g - 1) 


S[/(2,g)/S([/(2) X [7(g)) 
(<? > 3) 


5({7(2) x {/(g)), 5O (2,g), 5([/(l, j) x C/(l,g - j)) (1 < j < g - 1) 


SU(p,p)/S(U(p) x I7(p)) 
(p > 4, p : even) 


S({7(p) x U(p)), SO (p,p), 50*(2p), Sp(f,§), 5p(p,R), SL(p, C) • 17(1) 
6(t7(»,j) x U(p-i,p- 3)) (1 < « < p - 1, 1 < j < p - 1) 


S[/(2, 2)/S([/(2) x 17(2)) 


5({7(2) x {/(2)), 500(2,2), SO*(4), SL(2, C) • [7(1), S([/(l, 1) x [7(1, 1)) 


C1T T / \ 1 C / T T 1 \ TTt \\ 

SU(p,p)/S(U(p) x U(p)) 
(p > 5, p : odd) 


S(U(p) x U(p)), SOo(p,p), SO (2p), Sp(p,R), SL(p, C) • J7(l) 
&(U(i,j)x U(p-i,p- ])) (1 < i < p- 1, 1 < j < p- 1) 


5(7(3, 3)/S({7(3) x (7(3)) 


S({/(3) x (7(3)), SO (3,3), SO* (6), SL(3, C) • (7(1), 
S([7(l, 1) x {7(2, 2)), 5(17(1, 2) x {7(2, 1)) 


SL(n,C)/SU(n) 
(n > 6, n : even) 


S[7(n), SO(n,C), SL(n,R), S[/(i, n - j) (1 < i < n - 1), Sp(f,C), SU*{n) 
SL{i, C) x SL{n - i, C) x [7(1) (2 < i < n - 2) 


SL(4,C)/S[/(4) 


S[7(4), 50(4,C), 57(4, R), S[7(i, 4 - i) (1 < i < 3), S[7*(4) 
SL(2,C) x 57(2, C) x [/(l) 


SL(n,C)/SU(n) 
(n > 5, n : odd) 


5[7(n), SO(n,C), SL(n,R), SU(i, n - i) (1 < i < n - 1) 
SL(i, C) x S7(n - j, C) x {7(1) (2 < j < n - 2) 


SL(3,C)/S[/(3) 


S{7(3), SO(3,C) 


Table 1. 
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E7 
i7 


bOo(p, q)/bU(p) X bO(q) 


bO(p) X bO(q), bU(%, j) • (7(1), 


(4 < p < q, p,q : even) 


5Uo(t,j) x ACo(p — i,q — j) (iS'iP _ J|iijS9 _ i) 


SO (2,q)/SO(2) x 50(g) 


50(2)x50(g), SO (l,j) x 50o(l,?-j) (1 < j < q - 1) 


(4 < q, q : even) 




*<^olP, q)/i>u(p) x sl^i)) 


X dUq{i, j ) X bUo{p ~ q — J) (l\'t\p-l, ^JS? -1 ) 


(2 < p < (jr, p or (jr : odd) 




* ( ^'(HP,pj/>-><-AP; x bu(p) 


Q/O A>i\ v C'/OAn ff^^ QTTfP P\ TT(~\\ QT(m TCM 7"7Y1 ^ 
D\J\p) X o (■pj , 51/ l^p, 'L.J, ^^1,2' 2' ^ <* ' v ^ 


(p 4, p i even) 








SOntn n\/SO(r>) X SOfw") 
•J^oyp, P) / ^^yp } A ^^\P) 




(p > 5, p : odd) 


SOo(i,j) x 50o(p - i,p - j) (1 < « < p - 1, 1 < j < p - 1) 


5O (3, 3)/SO(3) x 50(3) 


SO(3) x SO(3), SO(3,C), SO (l, 1) x SO (2, 2) 
5O (l,2) x SO (2,l) 


SO*(2n)/U(n) 


U(n), SO{n,C), SU*(n)-U(l) 


(n > 6, ra : even) 


SO*(2i) X SO*(2n - 2i) (2 < i < n - 2), 
SU(i,n-i)-U(l) ([i] + fel >2) 


SO* (8)/(7 (4) 


1/(4), SO(4,C), SO* (4) x 50* (4), 51/(2, 2) • 1/(1) 


SO*(2n)/U{n) 


U(n), SO(n,C), SO*(2i) x SO*{2n - 2i) (2 < i < n - 2), 


(n > 5, n : odd) 


SC/(i,n-i)-[/(l) ([41 + [ !! ^ 1 1>2) 


50(n, C)/50(n) 


SO(n), SO(i,C) x SO(n — i, C) (2 < i < n — 2), 


(n > 8, n : even) 


SOn(i,n-i) (fil + [s^il > 2), SL(S,C) ■ SO(2,C), 50*(n) 




50nC2 41 SOn<3 3) SO* (6) 


SO(4,C)/50(4) 


50(4), SO(2,C)xSO(2,C), SO (2,2), 50*(4) 


SO(n,C)/SO(n) 


50(n), 50(i, C) x SO(n - i, C) (2 < i < n - 2), 


(n > 5, n : odd) 


5O (i,n-i) ([i] + >2) 


Sp(n,R)/U(n) 


(7(n), SC/(i,n-i)-f/(l) (1 < i < n - 1), SL(n, R) • t/(l), 


(n > 4, n : even) 


Sp(f,C), Sp(i,M) x 5p(n-i,R) (2 < j < n - 2) 


Sp(2,M)/C/(2) 


1/(2), 51/(1, 1) • 1/(1) 


5p(n,M)/C/(n) 


U(n), SU(i,n-i)-U(l) (1 < j < n - 1), SL(n, R) ■ (7(1), 


(n > 5, n : odd) 


5p(i, R) x 5p(n — i, R) (2 < j < n - 2) 


5p(3,M)/C/(3) 


1/(3), 5(7(1, 2) ■ (7(1), SL(3, R) ■ C/(l) 



Table 2. 
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Kjr / J\ 




Sp(p,q)/Sp(p)x Sp(q) 

(2 < v < q) 


Sp(p)xS P (q), 5C/(p,q)-f7(l), 
bp(i,j) X £p(p -i,q- J) (1 < » < p - 1, 1 < J < <? — 1) 


Sp(jp,p)/Sp(p) x Sp{p) 
(P > 3 ) 


Sp(p) x Sp(p), SU(p,p) ■ U(l), SU*(2p) ■ U(l), Sp(p,C) 
bp(i,j) x Ap(p -i,p- 3) (1 < » < p — 1, 1 < J < p — 1J 


Sp(2, 2)/5p(2) x Sp(2) 


Sp(2)xSp(2), Sf/(2,2).[/(l), SE/*(4).[/(l), 5p(l, 1) x Sp(l, 1) 


c I m\ 1 c I \ 

op(n, Vj/bpyn) 
(n > 4) 


O / \ C T / tf , \ C/~\ /O /P\ C / TTT) \ O/' "\ / 1 ^ " ^* 1 \ 

op(n), bL[n, (L) ■ c>G>(2, <L), i>p(n,R), i>p(2,n — 2) (1 < 2 < n — 1), 
bp{i, (Lj X bp{n — 2, (L) (z < 2 < n — 2) 


bp{n, (L) / bp{n) 
(n = 2, 3) 


bp{n), bL{n, L,) ■ b(J{2, (L), bp[n, Mj, n — 2) (1 < 2 < n — 1) 


^6/( 5 P( 4 )/{ ±:L }) 


&p(4J/{±l}, i>p(4,K), 6p(2,2), S(7 (o) ■bU(2), 
SL(6,R) x SL(2,R), SO (5,5)-R, F 4 4 


hjQf bu \b) ■ bu [2) 


SO*(W)-U(l), 5O (4,6)-f/(l) 




,b?nn(lU) • (7 (Ij, 2), ol/(z,4J • ^(^(zj, oc/^l^j • bL(2,K), 


T-l— 26 / 771 

^6 /*4 






771 T-ig t-i2 T-i — 14 C-Ki/yl (T^ QT(R f^ , ^ QTlO f^ , ^ on/in fP\ c„/i'i 77C i? — 26 


-fe 7 /(i>(7(8)/{±lj) 


OU (oj/lztl}, oL(o,Kj, OL/ (oj, 0(7(4, 4J, of il2j ' "-^(.^Ji 

QD,Jf\ fC\ QT(0 1®\ IT 1 ® TT(A\ 7?% TT('\\ 
1^0, ■ D L/{Z, K) , ll/Q ■ U \ -C/g • U yl) 




5O (4,8)-5C/(2), B 6 2 -l/(l), ^ 14 -C/(1) 


T-i — 25 / 7-1 rr/-. \ 


H/Q • U \ of l^o ), oC^z, DJ, oLy ^Izj-oC^zj, 
^(1^(2 ~\0) • STA2 W\ F,~ 14 ■ TI(i) p~ 26 . rr(-\\ 




E 7 , Sf 5 , Bf 25 , SL(8,C), 50(12,C) • 5L(2,C), • C* 


£f /SO' (16) 


SO'(16), SO*(16), SO (8,8), E~ 5 • 5p(l), Ej-5L(2,M) 


B 8 ~ 24 /i?7 • Sp(l) 


E 7 -Sp(l), Sf 5 -5p(l), Sf 25 • SL(2,R), SO*(16), 5O (4, 12) 




B 8 , fif, £ 8 ~ 24 , 50(16,C), E 7 c xSL(2,C) 


Fi/Sp(3) ■ Sp(l) 


Sp(3)-5p(l), Sp(l,2) • 5p(l), 5p(3,IR) • SL(2,R) 




F A , F 4 , F 4 - 20 , Sp(3,C) -SL(2,C) 


Gl/SO{i) 


SO(4), SL(2,R) x 5L(2,R), a(50(4)) 
(q :an outer automorphism of G|) 


G|/G 2 


G 2 , G|, 5L(2,C) x 5L(2,C) 



Table 3. 
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